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Abstract 

Based upon new global class field concepts leading to two-dimensional global 
Langlands correspondences, a modular representation of cusp forms is proposed in 
terms of global elliptic bisemimodules which are (truncated) Fourier series over R . 
As application, the conjectures of Shimura-Taniyama-Weil, Birch-Swinnerton-Dyer 
and Riemann are analyzed. 



Introduction 



The main objective of this paper consists in providing a modular representation of cusp 
forms in terms of global elliptic semimodules which are (truncated) Fourier series over R 
whose terms correspond to the places of the considered (semi)fields. 

This challenge, directly connected to global Langlands correspondences [Lan], depends 
on the following central result: 

At every place of a (CM) (semi)field corresponds a conjugacy class of the Borel subgroup 
of the general (linear)group. This conjugacy class is associated with a sublattice of Hecke 
and is in one-to-one correspondence with the corresponding class of representation of the 
global Weil-Deligne group defined in this paper in such a way that the Hecke eigenvalues 
and the Frobenius eigenvalues coincide. 

More concretely, the symmetric splitting semifields Fl and Fr are introduced as sym- 
metric algebraic extensions of a global number field k of characteristic zero. In the complex 
case, Fl and Fr are respectively composed of a set of complex and conjugate complex sim- 
ple roots of a polynomial ring over k . In the real case, the left and right symmetric 
semifields are noted respectively F£ and F^ . 

The infinite places of these semifields are characterized by the algebraic extension de- 
grees of their completions. For example, the n-th place of F£ is defined with respect to 
the algebraic extension degree 

[K n :k]~f Vn .N = n-N 

of the pseudo-ramified extension F+ , associated with the completion F+ where f Vn = n 
is its global class residue degree and where N is the degree of an irreducible algebraic 
extension and also the order of the global inertia subgroup I F + . This global inertia 
subgroup can be viewed as the subgroup of inner automorphisms of Galois with respect 
to the Galois subgroup Gal(F^+/A;) which will be considered as a subgroup of modular 
automorphisms of Galois of the algebraic general linear subsemigroup T 2 (F t j n ) ■ 

Let T2(F^) be the algebraic group of upper triangular matrices over the set of comple- 
tions of F£ at the set of real places v = {Vi, ■ • • , V n , • • • , V s } . 

We are interested in the enveloping (semi) algebra B R <g> B L ~ T 2 '(F^) x T 2 (F+) of the 
division (semi)algebra B L ~ T 2 (F+) because T<(F+) x T 2 (F+) , denoted GL 2 (F+ xF+) , is 
an algebraic bilinear semigroup "having a representation" in the tensor product M F +®M F + 

v v 

of a right T 2 *(FJ")-semimodule M F + by a left T 2 (F+)-semimodule M F + . 

v v 
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Indeed, we show that a linear algebraic group GL2(-F + ) over a symmetric field F + = 
Fft U F£ , having as representation space a 2 2 -dimensional vector space, is covered under 
the conditions of proposition 1.11 by the bilinear algebraic semigroup GL 2 (F^ x F£) . 

The GL 2 (F^~ x F+)-bisemimodule M F + <g> M F + decomposes into the direct sum of 
GL 2 (F£ xF+)-subbisemimodules M F + ®M F + , having m n representatives, according 

to the decomposition of a Hecke bilattice <g> A^ into subbilattices at 
the biplaces w n x t> n of F^ x F+ . And, the ring of endomorphisms of the GL 2 (F^~ x 
bisemimodule M F + ® M F + , decomposing it into the set of subbisemimodules following 
the subbilattices, is generated by the products (T qR ® of Hecke operators T qR and 
T qL for g f A" and by the products (U qR <8> C/ 9i ) of C/ 9J? and U qL for q \ N : it is noted 
T H (N) R ®T H (N) L . 

The coset representative of U qL (resp. U qR ), referring to the upper (resp. lower) half 
plane, is chosen to be upper (resp. lower) triangular and given by the integral matrix 
(o gw) ( res P- (b N q N ) ) where the 6^ and are integers modulo A" . 



So, U q <S> U qL has the coset representative 



92(q 2 N ,b 2 N ) 



1 b N 



LV° x l 



where 



D„2 b 2 
<iN' u N 



u 2 {b N ) x u 2 {b N ) 



1 o\ 

b N I j 

1 b K 
1° l J 



\0 ^/ 



f 1 °) 



is interpreted as the decomposition group element associated with the split Cartan sub- 
group element a 



In 
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As a consequence, we have the following proposition: 

There is an explicit irreducible semisimple (pseudo-)ramified representation p\ ± , asso- 
ciated with a weight two cusp form, 

Px± : Gal(F+/fc) x Gal(F+/*0 — GL 2 (T„(A% <g> T H (JV) L ) 
having eigenvalues: 

x , 2 ^ (i + S + q%) ± K 1 + + g^) 2 - 

^±{Qn^n) o 



verifying: 
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• trace p\ ± = 1 + b 2 N + q 2 N ; 

• detp A± = X+(q 2 N ,b 2 N ) ■ \_(q 2 N ,b 2 N ) = q 2 N . 

Let us introduce the (pseudo-)ramified lattice bisemispace 

X SrxL = GL 2 (F R x F L )/GL 2 (Z/N Z) 2 

where 

• the general bilinear semigroup GL 2 (Fr x F l ) is taken over the product F R x F L of 
the complex number semifields F R and F L ; 

• GL 2 ((Z /iV Z) 2 ) has entries in squares of integers modulo iV . 

The toroidal compactification of Xs RxL of the Borel-Serre type can be considered as a 
toroidal projective isomorphism 

7i?xL : X S RxL > X S RxL , 

with 

X SrxL = GU{Fl x Fl)/Gh 2 {Z/N Z) 2 » GL 2 (J# x Fj) 

where 

• is the toroidal compactified equivalent of F L ; 

• Fj denotes the set of toroidal complex completions. 

Its boundary is given by: 

dX SRxL = GL 2 (F+' T x F+' T )/GL 2 (Z/iV Z) 2 » GL 2 (F+' T x F+' T ) 

where 

• F^' T is the toroidal compactified equivalent of F£ ; 

• F+' T denotes the set of toroidal real completions; 
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in such a way that 

1. the number of complex places is equal to the number of real places; 

2. the multiplicity of the complex places is equal to one; 

3. the complex conjugacy class representatives are covered by the multiples of their real 
equivalents. 

The cosets of X SrxL (resp. dX SRxL ) correspond to the conjugacy classes of 
GL 2 (Fj x FJ) (resp. GL 2 (F+' T x F+> T ) ). 

The analytic representation of the algebraic bilinear semigroup GL 2 (Fj x Fj) is given, 
by means of a Langlands global correspondence, by the product (of the Fourier develop- 
ment) of a right cusp form of weight k — 2 restricted to the lower half plane by its classical 
left analogue restricted to the upper half plane. 

Similarly, in the real Langlands global correspondence relates the algebraic 

bilinear semigroup GL 2 (F^)~' T x F^' T ) to its analytic representation given by the product, 
right by left, of two (truncated) Fourier series over R called global elliptic A R (resp. A L )- 
semimodules. 

These Langlands global correspondences are based upon the representation spaces of 
the algebraic bilinear semigroups given in terms of their conjugacy class representatives 
characterized by increasing ranks. The double sets of conjugacy class representatives of 
the envisaged algebraic bilinear semigroups generate two symmetric towers in such a way 
that the analytic representation of each conjugacy class representative is given by a term 
of the Fourier development of the cusp form entering into the cuspidal representation of 
the considered algebraic bilinear semigroup. This allows to give an algebraic-geometric 
interpretation to the Fourier series. 

Let 

0l(s l ) = EE <t>{s L )n,b q n /Q l, n<oo, q = e 2 ™ , xeR , 

n b 

(resp. (j) R (s R ) = SS <j>(s R ) n , b q~ n /Q r ) 

n b 

be respectively a left (resp. right) global elliptic Al (resp. Ar )-semimodule where: 

• A L (resp. A R ) is the ring of sections sl (resp. s R ) of the semisheaf of rings over 
the T 2 (F+' T )-semimodule M f +,t (resp. T 2 '(F^' T ) )-semimodule M f +,t ); 

v v 
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• = A(n^r, b 2 N ) such that \{n 2 Nl b 2 N ) is an eigenvalue of the coset representative 
g2(n%,b 2 N ) of product of Hecke operators. 

Then, the inclusion of GL 2 (F^' T x F+' T ) into GL 2 (Fj x Fj) in the sense of the Borel- 
Serre compactification implies the following results: 

Let Siif) (resp. S R (f) ) be the left [semi-] algebra (resp. right [semi-] algebra) of 
modular forms 

f L (z) = £ On,L ql (resp. f R (z) = £ a HiR q n R ) 

n n 

q L = e 2wiz (resp. q R = e~ 2wiz ), z E C , 

• being normalized eigenforms of Hecke operators related to the congruence subgroup 
T L (N) (resp. T R (N) ) introduced in Section 2.12, 

• characterized by a weight two and a level N . 

On the other hand, let S L (4>) (resp. S R (4>) ) denote the left [semi-] algebra (resp. right 
[semi-] algebra) of global elliptic A L -semimodules 4>l{sl) (resp. A^-semimodules 4> R (s R ) ) 
in the sense that f L (z) ~ L (s L )(resp. f R (z) ~ <p R (s R ) ). 

Then, we have the following inclusions of left [semi-] algebras (resp. right [semi-] algebras): 

SM - s L (f) 

(resp. S R (<f>) ^ S R (f) ). 

And, if the bisemialgebras of modular forms and of global elliptic semimodules are intro- 
duced respectively by S R (f) ® and by S R (<p) ® Sl{4>) , then the inclusion of these 
bisemialgebras can be stated by: 

s R (4>) ® s R (<j>) - s R (f)®s L (f). 

Remark that a global elliptic A^-semimodule 4>l(sl) (resp. A^-semimodule (p R (s R ) ) con- 
stitutes an automorphic representation of a modular form /l(^) (resp. f R (z) ) in the 
sense that the modular representation of }'l{.z) (resp. f R (z) ) can be given by a set of n , 
1 < n < oo , two-dimensional semitori T|[n] (resp. T R [n] ), restricted to the upper (resp. 
lower) half plane and covered each one by m n semicircles of the " n-th class" of the global 
elliptic semimodule 0l(sl) (resp. (fi R (s R ) ). 
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This kind of modular representation is used to analyze the conjectures of Shimura- 
Taniyama-Weil, Birch-Swinnerton-Dyer and Riemann. 

The hyperbolic uniformization of arithmetic type of an elliptic curve E(Q ) is studied by 
envisaging its modular representation by means of the surjective mapping ^ s< -!e(q ) °^ 
the restricted global elliptic A^_ L -bisemimodule (f> R (s R ) res ®d <Al(s.l) res into E(Q) , where 
<8>d denotes a "diagonal" tensor product (see section 2.20). 

The modular representation of E(Q ) given by 

can be worked out from the p sets of surjective mappings: 

{E f {p N ,m p ) R ® E f (p N ,m p ) L } mp -> E(¥ p ) 

where Ef(pN,m p ) is a semicircle of rank p^ = p ■ N entering into the covering of the 
semitorus T 2 [p] , for all prime p taken into account in the restricted eulerian product 
of L R (s_, E(Q) ® D L L (s + ,E(Q)) in such a way that the orbit space of {Ef(p N ,m p ) R <g> 
Ef(pN,m p )L} mp is associated with the elliptic curve E(¥ p ) . 

This hyperbolic uniformization of arithmetic type of the elliptic curve E(Q) then cor- 
responds to the Shimura-Taniyama-Weil conjecture and is related to the problem of Dio- 
phantine equations by means of the Mordell-Weil group of E(Q ) . 

The Birch-Swinnerton-Dyer conjecture is analyzed in the same context. Indeed, it 
consists in the fact that, if L R (s-,E(Q)) and L L (s + ,E(Q)) are the L-subseries attached 
to an elliptic curve E(Q) and introduced in chapter 3, then the "pseudo-unramified" rank 
of E(Q) is the order of vanishing of these L-subseries at s = 1 . The trivial zeros and 
non-trivial zeros of these L-subseries, defined with respect to the set of p primes envisaged 
above, are evaluated with respect to the Riemann conjecture which can be treated as 
follows: 

Taking into account that the trivial zeros of the classical zeta function are equal at 
a sign to the global class residue degrees multiplied by a factor 2 and that a one-to-one 
correspondence must exist between trivial zeros and pairs of non-trivial zeros, we are led to 
formulate the proposition: Let ■ e An 2 be a coset representative of the Lie algebra of 

the decomposition group Dp (Z ) and let a 4n 2 be the corresponding split Cartan subgroup 
element. Then, the products of the pairs of the trivial zeros of the Riemann zeta functions 
Cr(s-) and (l(s + ) are mapped into the products of the corresponding pairs of the non- 
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trivial zeros following: 

D 4n 2 ti 2 ■ e 4n 2 : det(a 4 „2) — > det(-D 4n 2 ii2 

{(-2n) ■ (-2n)} — ► {A + (4n 2 , i 2 , E An2 ) • A_(4n 2 , i 2 , E 4n2 )} , Vuel, 

where e 4 „2 = (^j* 2 ° ) is the infinitesimal generator of the Lie algebra (g£ 2 (F 1 }~ ,T ' nr x 
I would like to thank especially P. Cartier, B. Mazur and D. Zagier for helpful comments. 

1 From global class field concepts to modular repre- 
sentations of general bilinear semigroups 

1.1 Preliminaries on semiobjects 

The developments of this paper will essentially concern symmetric objects in such a way 
that the considered mathematical objects can be cut into two symmetric semiobjects Or 
and Ol • The left semiobject Ol will be localized in (or will refer to) the upper half space 
while the corresponding right semiobject Or will be localized in (or will refer to) the lower 
half space. 

The right semiobject Or is then the dual of the left semiobject Ol and the interest 
of considering a symmetric object " O ", decomposed into two dual semiobjects Or and 
Ol , is that the informations concerning the internal mathematical structure of " O " can 
be obtained from the product Or x Ol of the semiobjects Or and Ol ■ Indeed, every 
endomorphism E of the object " O " can be decomposed into the product E R xE L oia right 
endomorphism Er acting on the right semiobject Or by the opposite left endomorphism 
E L acting on the corresponding left semiobject O l such that E R = E^ 1 . 

The existence of symmetric objects can be established by the following considerations 
on function fields. 

Let A; be a global number field of characteristic zero. Let k[x\, ■ ■ ■ ,x r ] be a polynomial 
ring over k and let R = Rr U Rl be a symmetric finite extension of k as introduced in the 
following. 

• Let I L = {P M (£C!,--- , x r ) | Pfj,(V L ) = 0} be the ideal of k[x 1 , • • • , x r ] in 

such a way that: 

a) P^(Vl) be the polynomial function in fc[Vi] represented by P^Xi, ■ ■ ■ ,x r ) ; 
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b) Vl C Rl be an affine semispace restricted to the upper half space. 

• Let I R = {P M (— aji, • • • , — a: r ) | -P m (Vr) = 0} be the symmetric ideal of I L 

obtained under the involution 

in such a way that: 

a) P^(Vr) be the polynomial function in k\V^\ represented by P^—xi, • • • , —x r ) ; 

b) Vr C Rr be an affine semispace restricted to the lower half space, symmetric of 
Vl and disjoint of Vl or possibly connected to Vl on a symmetry axis plane. 

• The quotient ring obtained modulo the ideal II (resp. Ir ) is Ql — k[x±, • • • ,x r ]/lL 
(resp. Q R = k[xi, - ■ ■ ,x r ]/l R ) [Wat]. 

Ql and Qr are quotient algebras characterized by the corresponding homomor- 
phisms: 

4>l ■ Ql — > Rl , 4>r- Qr — > Rr 

where Rl and Rr are commutative (division) semirings localized respectively (or 
referring to) the upper and lower half spaces (commutative semirings are recalled (or 
introduced) in section 1.3). 

So the pair of homomorphisms (f> L and <p R sends the general solution to a pair 
of symmetric solutions respectively in Rl and in Rr. 

• On the other hand, let F = Fr U Fl be a symmetric "algebraic" finite extension of 
k . 

Let T^Fl) (resp. T^(Fr) ) C GL n (.) be the group of matrices of dimension r over Fl 
(resp. Fr ) viewed as an operator sending Fl (resp. Fr ) into the affine semispace 
T^')(F L ) (resp. T^(F R ) ) of dimension r : 

T r (.): F L — TM(F L ) (resp. 7?(.) : Fr — > T^\Fr) ) 

in such a way that to the indeterminates (x±, • ■ • , xe, ■ ■ ■ , x r , • ■ • , xu, • • • , x\ r ) of 
Ql (resp. (-xi, • • • , -a^, • • • , -x r , • • • , • • • , -x ir ) of ), V x fr = x e x x r , 
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corresponds the homomorphism: 

0l : Ql — > F L (xi -> en, • • • , x e = e«, • • 
(resp. 0' H : Qi? — > F R (-X! ->• -en, • • • , -a^ = 

where 



— e«, • • • , —x r e —> &rt 



T r {F L ) = {e L = (e £r ) E T r {F L ) \ P T ^e tr ) = 0} 
(resp. T*(F R ) = {e R = (e fr ) G T*(Fr) \ P T ,(e er ) = 0} 

with the polynomials Pr^ir) £ ( res P- Pr^tr) £ )• 



Finally, let (resp. ) be the functor from the quotient ring Ql (resp. Q# ) to 
the affine semispace Vl (resp. Vr ) in such a way that the diagram: 



Qi 



V L ► 



FL(eu, • • • , e rn ) 

T r (.) 



resp. 



F fl (-en, • • • ,e rn ) 



\ 



Vr > 



T r *(.) 

T (r)F R ) 



commutes. 



Such functor Xl (resp. Xr ) from the A;-algebra Ql (resp. Qr ) to the affine 
semispace Vl (resp. Vr ), homeomorphic to T^ r \F L ) (resp. T^ r \F R ) ), is then 
representable and is a left (resp. right) affine semigroup scheme over k . 



The left and right affine semigroup schemes X L and X R are said to be symmetric if 
every element a>L € T^'\Fl) , localized in the upper half space, is symmetric to every 
element a R e T^'\Fr) , localized in the lower half space, with respect to an axis or a 
plane. . . 

So, the consideration of a sufficiently large polynomial ring as k[x±, ■ ■ ■ ,x n ] allows to 
envisage generally objects as being symmetric and being able to be cut into two symmetric 
semi-objects introduced in a general way in the following section. 

1.2 Semistructures 

Having shown as a general rule the existence of symmetric objects, we shall now recall or 
introduce the semistructures which will be used in the following developments. 
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The condensed notation R, L means "right, resp. left" (and L, R means "left, resp. 
right"). 

• A right (resp. left) semigroup G r> l is a nonempty set of right (resp. left) elements, 
localized in (or referring to) the lower (resp. upper) half space, together with a binary 
operation on G RL , i.e. a function G R)L x G R)L -> G R)L or G l ,l x G RjL -> • 

• A right (resp. left) monoid is a right (resp. left) semigroup Gr,l which contains an 
identity element a R; L G Gr,l such that: 

an-e R = a R (resp. e L -a L = a L ), V a R , L G G R>L . 

• A right (resp. left) semiring is a nonempty set R r> l together with two binary 
operations (addition and multiplication) such that: 

a ) (Rr,l,+) is an abelian right (resp. left) semigroup. 

b) (a RL • b RL ) c rl = a R)L (b RL ■ c RL ) , V a RyL ,b R)L ,c RyL G R RL (associative 
multiplication). 

c) a RL {b R ,L + c RL ) = a RjL b RL + a RjL c RL and (a RL + b RL ) c R , L = a RL c RL + 
b R ,L cr,l (left and right distribution). 

• If R r ,l is a commutative semiring with identity 1 Rr l and no zero divisors, it will be 
called a right (resp. left) integral domain. 

Furthermore, if every element of R R l is a unit (right and left invertible), R r> l is a 
division semiring. 

And, a right (resp. left) semifield is a commutative division semiring. 

• A right (resp. left) adele semiring is the product of the primary completions of the 
right (resp. left) semifield. 

• Let R r> l be a right (resp. left) semiring. A right (resp. left) .RR^-semimodule 
is an additive abelian right (resp. left) semigroup M RL together with a function 
M R x R R>L -> M R (resp. R LyR x M L -> M L ) such that: 

a) (a R + b R ) r RL = a R r R)L + b R r RL where a R r R)L = (a • r) R G M R (resp. 
tl,r (a L + b L ) = r L)R a L + r L)R b L where r LjR a L = (r • a) L G M L ), V r RjL G 
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b) a R {r R , L + s R , L ) = a R r R , L + a R s R , L (resp. {j'l,r ~\~ Sl,r) a L = r L)R a L + s LtR a L ), 
V s R , L G R R:L ■ 

c) (a R s R ) r R = a R (s R r R ) (resp. r L (s L a L ) = (r L s L ) a L ). 

If R r> l has an identity element 1 r ,l such that a R 1 R = a R (resp. 1l a^ = aL ), 
M RjL is a right (resp. left) unitary R R: l semimodule. 

If R Rt L is a right (resp. left) division semiring, then the unitary right (resp. left) 
-Ri?,L-semimodule is a right (resp. left) vector semispace. 

• If R R) l is a commutative semiring with identity, a .Ri^L-se-mmlge-bra A. R L is a 
semiring A r> l such that: 

a ) (Ar,l> +) is a unitary right (resp. left) i^i-semimodule. 

b) {a R b R ) r R:L = a R (b R r R:L ) = b R (a R r R:L ) = (ab r) R E A R (resp. r LiR (a L b L ) = 
(r L ,R a L ) b L = a L (r LjR b L ) = {ab r) L e A L ). 

If A r> l is a division semiring, then A r> l is called a division semialgebra. 

The generation of the global algebraic extension (semi) fields and of the corresponding 
completions considered in this paper presents some analogy with the construction of local 
p-adic number fields which will be recalled in the following section. 

1.3 Classical notions about local fields 

The field K , which is a finite extension of Q p , is a p-adic field. Let Ok denote its ring 
of integers, px the unique maximal ideal of Ok , k{vK) = k(pK) = Ok/pk its residue 
field and ujk a uniformiser in Ok ■ Let vk '■ K* — ■> Z be the unique valuation so that the 
absolute value on K is defined by | \k — \ \v K with \x\k = (#k(vK))~ VK( - x ^ for x E K* . 

The number of elements in k(pK) is q = where f VK = [k{vK) '■ F p ] is the residue 
degree over Q p . The ideal PkOk of O k has the form p e ^ K = uf^ K where e VK is the 
ramification degree of K over Q p . 

Then, we have [K:Q P ] = e VK ■ f VK so that e VK = [K : Q P ]/f VK . 

The maximal unramified extension of K is denoted K nr and its completion is K nr . 
The inertia subgroup Ik is such that: 

G&l{K ac /K)/I K G&\{K nr /K) G&l{k{v K ) ac /k{v K )) ■ 
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The local Weil group Wk C Gal(K ac /K) is the inverse image of Frob k ^ VK ^ 
C GaA(k(v K ) ac /k(v K )) in Gal(K ac /K) . 

1.4 Infinite places of a global number field 

Let k denote a global number field of characteristic and let k[x] be a polynomial ring 
composed of a family of pairs of polynomials {Pt^(x), -Pt m (— x)} , 1 < fx < oo . Then, 
according to section 1.1, the algebraic extension F of k , assumed to be generally closed, is 
the symmetric splitting field F — F R UF L composed of a right extension semifield F R and of 
a left extension semifield Fl in one-to-one correspondence. If the algebraic extension field 
of k is complex, then F L (resp. F R ) is composed of the set of complex (resp. conjugate 
complex) simple roots of the polynomial ring k[x] , while, if the algebraic extension field 
is real, then it will be noted F + = F R U F^ where F£ (resp. F R ) is the left (resp. right) 
algebraic extension semifield composed of the set of positive (resp. symmetric negative) 
simple roots. 

The left and right equivalence classes of the local completions of F^ and of F R + ^ are 
the left and right real (resp. complex) infinite places of F^ and of F R + ^ : they are equal 
in number and noted, in the real case: 

v = {vi, ■ ■ ■ ,v n , ■ ■ ■ ,v s } and v = {v 1: ■ ■ ■ , v n , • ■ • , v s } 

and, in the complex case: 

iq = {u!, ■ ■ ■ ,u n , ■ ■ ■ ,u s } and uJ = {u u ■ ■ ■ , uJ n , ■ ■ ■ , UJ S } 

With reference to the classical p-adic treatment of local fields, "pseudo-unramified" 
infinite real places will be characterized algebraically by their global class residue degrees 
given by: 

[F^ nr : k] = f Vn = n and [F+' nr : k] = f Vn = n , n G IN , 

where F^ nr (resp. F^ nr ), denoting a left (resp. right) pseudo-unramified local completion 
of F£ (resp. Fft ), is a left (resp. right) /c-semimodule whose dimension is given by the 
global class residue degree f Vn — f Vn — n . 

The integer n is the order of the archimedean valuation v (resp. v ) defined as a 
homomorphism of F^ nr (resp. F^ nr ) into the group of positive real numbers in such a 
way that, for all x 1 E F+' nr (resp. x x G F^ nr ) and x n G F+' nr (resp. x n G F^ nr ), we 
have: 

v(n Xi) > v(x n ) (resp. v(n x±) > v(x n ) ) [Koc] 
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Similarly, (infinite) complex places will be defined by their global class residue degrees: 

[*Z'-k]=f Un = n and [F£ : k] = h n = n , n e IN , 

where F" r (resp. F£ r ), denoting a left (resp. right) pseudo-unramified local completion 
of Fl (resp. Fr ), is a left (resp. right) /c-semimodule having as dimension the global class 
residue degree f Un = f Wn =n . 

The corresponding pseudo-ramified completions are assumed to be generated from irre- 
ducible /c-semimodules F\ (resp. FX ) of rank N in the real case, l<n<s,JVeN , and 
from "irreducible" /c-semimodules F u i (resp. F^i ) of rank iV • in the complex case, 
where = sup(m n + 1) denotes the multiplicity of the n-th real completion covering its 
complex equivalent as it will be seen in the following. 

So, the ranks of the real pseudo-ramified completions F+ (resp. F^ n ) will be given by 
integers modulo iV according to: 

[F+:k] = * + n- N (resp. [Ff n : k] = * + n- N 

~ n ■ N ~ n • N ) 

where * denotes an integer inferior to N . 

In the complex case, the ranks of the pseudo-ramified completions F^ n (resp. F ZJn ) will 
also be given by the integers modulo iV according to: 

[F Wn : k] = * + n ■ N ■ (resp. [F Wn : k] = * + n ■ N ■ 

~n-N ■ mF* ~ n • N ■ m'"' ) 

in such a way that each complex completion F u)n (resp. F TSn ) be covered by the set of 
real completions F+ (resp. F£ ). 

A >Jn,mn y A u n,m n / 

Indeed, as a place is an equivalence class of completions, we have to consider at each 
real place v n (resp. v n ) a set of real completions {F+ m J mn , m n G N (resp. {F-+ mn } mn ), 
equivalent to F„ (resp. F^ n ) (with m n = ), and characterized by the same rank as F+ 
(resp. F+ ). 

Similarly, at each complex place u n (resp. Zu n ), a set of complex completions 
{ F u n ,m„ n }rn„ n , e N (resp. {F Wnmwn } mwn ), equivalent to F Un (resp. F Wn ) and 

characterized by the same rank as F^ n (resp. F Un ) has to be considered. 

Let F u = {F m , • • • , iu„ iI%n , • • • , F u>aris } (resp. F& = {F^ , • • • , F^ nm _^ , • • • , F 0Jans } ) 
denote the set of complex pseudo-ramified completions of the number semifield Fl (resp. 
Fr ) at the set of complex places u (resp. u ) and let F+ = {F+, ■ ■ ■ , F+ ■ ■ ■ , F+ } 
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(resp. = {F^, ■ ■ ■ ,F^~ nm , ••• ,F^~ sm } ) be the corresponding real pseudo-ramified 
completions of the number semifield F£ (resp. F£ ) at the set of real places v (resp. v ). 
Then, the direct sum of the complex pseudo-ramified completions is given by: 



F„ m = © © F u (resp. F W<B = © © F w ) 

while the direct sum of the real pseudo-ramified completions is given by: 
F+ = © © F+ (resp. F+ = © © F+ ) 

On the other hand, if the global class residue degree is a prime p or an integer modulo 
p , then F+ p nr and F^J" can refer respectively to a completion of an (unramified) p-adic 
(semi)field and to a completion of an extension of this p-adic (semi)field which can be 
identified to a finite extension of Q p ; indeed, F^ nr and F+J^ are pseudo-unramified local 
(semi)fields at p elements which correspond to p Galois automorphisms. More concretely, 
F+' nr and F^™ are characterized by their global class residue degrees given by: 

K nr :k} = f Vp =p and [F+£ : *] = fv p+i = k p + i' = p + i , 

ke IN, < %' < p - 1 , 1 < i < oo . 
Remark that F^ nr and F+£* are (unramified) p-adic fields if: 
1- fv p =P and f Vp+ . = kp + %' = p a , a G N , respectively. 

2. the number of nonunits of F^ nr and of F+;™ is a power of p . 

3. F^ nr and F+£* are considered as completions of Q in the p-adic metric. 

In the pseudo-ramified case, we should have: 

K +i ■■ k] ~ f Vp+i ■N={kp + i')-N={p + i).N 

where F+ is a local (semi)field at p elements corresponding to (p + i) ■ N Galois auto- 
morphisms from a global point of view. F+ is a p-adic field if: 

1. f Vp+i ■ N ■ #(Nu) = p 13 , (3 G N , where #(Nu) is the number of nonunits of F+ + . . 

2. F+ + . is defined as a completion of Q with respect to the p-adic metric. 
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If the number of left and right real places of the completions of F£~ and F£ are equal 
respectively to the number of left and right complex places of the completions of Fl and 
of Fr , then F = Fr U Fl can be interpreted as a CM number field given by F = F + ■ E 
where F + is the real number field and where E is an imaginary quadratic field. 

Then a finite extension K of Q p can be identified to the completion of F + in a place v[ 
above p . And, as p is decomposed in E into two places p and p , the places of F dividing 
p are divided into a set of left complex places u' = ■ ■ ■ ,u' n ,--- ,u' s } above p belonging 
to the completions of F L and into a set of right conjugate places W' = {ZJ[, ■ ■ ■ ,ZJ' n ,--- ,ZJ' S } 
above p belonging to the completions of Fr . 

1.5 Galois subgroups and global inertia subgroups 

Let Gal(F^' nr J k) (resp. Gal(F^' nr /k) ) be the Galois subgroup of the pseudo-unramified 
extension F^ nr (resp. Ft' nr ) of k corresponding to the pseudo-unramified completion 
F+> nr (resp. F+' nr ), and let Gal(F+/fc) (resp. Gal(F+/ife) ) be the Galois subgroup of 
the pseudo-ramified extension F+ n (resp. F^ n ) of k corresponding to the pseudo-ramified 
completion F+ n (resp. F^ n ). 

Then, the global inertia subgroup I F + (resp. I F + ) of Gal(F^/A;) (resp. Gal(F^/A;) ), 
being the Galois subgroup of the irreducible extension Ft (resp. FX ), can be defined by: 

I Fv+n =G a l(FXJk)/G a \(FXr/k) 
(resp. I F _ + = G a \(F+Jk)/G a \(FXr/k) ) 

leading to the exact sequence: 

1 — I Fv+n — Ga\(F v + Jk) — Gal(F+/-/A;) — 1 
(resp. 1 — I Fl — Gal(F+/fc) — > Gal^/fc) — 1). 

The global inertia subgroup I F + (resp. I F + ) of order can then be viewed as the 
normal subgroup or inner automorphisms of Galois with respect to the Galois subgroup 
Gal(F+//c) (resp. Gal(F^/fc) ) which can be considered as a subgroup of modular auto- 
morphisms of Galois [Piel]. 

Similar conclusions are obtained for the Galois subgroups Gal(F Wn /A;) (resp. 
Gal(Fn n /A;) ) of the pseudo-ramified extension F Wn (resp.F^ ) of k . 



15 



As we are concerned with Galois class fields, all the "(pseudo-)ramification"" orders 
are supposed to be equal to the same positive integer N in the real case and to the positive 
integers N • in the complex case. 

1.6 Global Weil semigroups 

Let Ft n ,m n (resp. ) denote a real pseudo-ramified extension referring to the infinite 

place v n (resp. v n ) and let F+J^ (resp. F^^ n ) denote the corresponding pseudo- 
unramified extension. 
Then, we set: 



Gal(F+/fc) = © Gal(F+ ;m » 

n,m n 

(resp. Gal(F+/fc) = © Gal(F+, m „A) ) 



n,m„ 



as well as 



GaL(F+>™/k) = © GaKi^/fc) 

n,m n 

(resp. Geiffi^/k) = © Gd(*£™ /*) ). 

n,m„ 

As in the p-adic case, the Weil group is the Galois subgroup of the elements inducing 
on the residue field an integer power of a Frobenius element, we shall assume that, in the 
characteristic zero case, the Weil group will be the Galois subgroup of the pseudo-ramified 
extensions characterized by extension degrees d — mod N . 

In this respect, let F Vn (resp. F Vn ) denote a pseudo-ramified Galois extension charac- 
terized by the degree 

[F + Vn :k] = [K n :k]=n-N 
in such a way that the sum of the closed global Weil sub(semi)groups is given by: 

W F „ + = © Ga\(F + Vnm Jk) 

n,m n 

(resp. W F _ + = © Gal(F* Jk)). 

v n,m„ 

And, the product of W F + and of W F + gives: 

v v 

x W K+ = (G^ Jk) x Gz\(F + Vnm Jk^ . 
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1.7 Representations of algebraic bilinear semigroups 

Let Bl/F+ denote a left division semialgebra of dimension r over the semifield = 
,F+ m } and let B R /F± denote the corresponding right division semialgebra of 
the same dimension r over the semifield F-£ = {F^, • • • , F^ ms } in such a way that: 

• B R is the opposite semialgebra of B L ; 

• the center of Bl is in one-to-one correspondence with the center of Br . 

If it is assumed that the division semialgebra Bl is isomorphic to the matrix algebra 
T r (F^) of Borel upper triangular matrices over Fj~ and that the opposite division semial- 
gebra B R is isomorphic to the matrix algebra T*(F^~) of Borel lower triangular matrices 
over F^ , then we have: 

B R ® B L ~ 7?(F+) x T r {F+) = GL r (F+ x F+) . 

So, the tensor product B R ® £> L of the division semialgebras -Br and is isomorphic 
to the product of the group T*(F^) of lower triangular matrices by the group T r (F+) of 
upper triangular matrices. Such a product T^{F^) x T r {F+) is denoted GL r (F^ x F+) and 
corresponds to a general bilinear semigroup having a representation in the tensor product 
M R <g> M L of a right T*(F^)-semimodule M H by a left T r (F+)-semimodule M L . 

So, the general bilinear semigroup 

GL r (F+ x F+) = Ttffi) x T r (F v + ) , 

has a representation in a GL r (F^ x F+)-bisemimodule M R <g> M L of dimension r 2 . 

1.8 Proposition 

Let Bl/ F^ (resp. B R j ' F^ ) be a left (resp. right) division semialgebra of dimension r 
over the extension semifield F+ (resp. F^ ) such that 

B L ^T r (F v + ), B R ~T{(F+). 

Then, we have 

B R ®B L ~GL r (F+xF+) 
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implying that the general bilinear semigroup GL r (F^~ x Fj~) has the natural bilinear Gauss 
decomposition: 

g r (F+ x F+) = 4(F£) x t r (F v + ) 

= [ul(F+) X U r (ft)} X [dr(F+) X dr(F+)] 

for any regular matrix 

. g r (F+ x ft) e GL r (F+ x F+) ; 

• u r {F£) G UT r (F+) where UT r (F+) is the group of upper unitriangular matrices; 

• d r (F+) G D r (F+) where D r (F+) is the group of diagonal matrices. 

Proof. The classical case 

B e ~ End i?+ (5) ~ End i?+ ((F+) r ) ~ M r (F + ) 

where: 

• B e = B x fB° p with £ a central simple F-algebra and with B op the opposite algebra, 

• End^, + (_B) is isomorphic to B e if B is an Azumaya algebra (then, B is a projective 
F-module), 

• F + is a ring in such a way that F + = F^ U , 

• .M r (F + ) is the ring of r x r matrices with entries in F + , 

becomes in the considered bilinear case: 

B e = B R ® B L ~ End^^fl* x fl £ ) ~ End^ +xi? +((F+ x F v + ) r ) ~ GL r (F+ x F+) 
where: 

• £> L (resp. .Br ) is a (division) central simple F+ (resp. F^ )-semialgebra of dimension 
r over F+ (resp. i 7 ^ ); 
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1.9 Proposition 

Let F + = F£ U F£ ~ F^ U F+ be a compact real algebraically closed field defined from the 
symmetric algebraically closed semifields F£ ~ F^ and F£ — F+ . 

Let GL r (F + ) be the group of invertible (r x r) matrices with entries in F + . The 
algebraic general linear group GL r (F + ) has for representation space a vectorial space V of 
dimension r 2 isomorphic to (F + ) r2 . 

On the other hand, let GL r (F^ x F£) be the algebraic bilinear semigroup, introduced in 
sections 1.7 and 1.8, and having for representation space the GL r (F f [ x F£)-bisemimodule 
Mr <S> Mi of dimension r 2 . 

Then, we can state the one-to-one correspondence: 

J GL : GL r (F+) GL r (F+ x F+) , 

V M R M,. . 

between the algebraic linear group GL r (F + ) and the algebraic bilinear semigroup GL r (F f |" x 
F£) sending the vectorial space V into the GL r (F^ x F£)-bisemimodule M R ® M L . 

Proof. Ml (resp. Mr ) is a r-dimensional vector semispace over F£ (resp. F£ ). Every 
basis of Ml (resp. Mr ) defines an isomorphism of the group T r (M^) (resp. T*(Mr) ) of 
the automorphisms of M L (resp. Mr ) with T r (F£) (resp. T^(F^) ) C GL r (F^ x F+) . 
And, every basis of (Mr ® Ml) defines an isomorphism of the group GL r (M^ ® Ml) of 
the automorphisms of (M R ® M L ) with GL r (F i | x F£) . 
Now, GL r (F i | x F£) has the bilinear Gauss decomposition: 

g r (F+ x F+) = (ul(F+) x u r (F+)) x (d r (F+) x d r (F+)) 

for any matrix g r {FR x F£) e GL r (F^ x F£) , 
while GL#(F + ) has the Gauss decomposition: 

g r (F + ) = (u t r {F + ) x u r (F + )) x d r (F + ) 

for g r (F+) e GL r (F+) . 

If we take into account the maps (*) 

' u t {F+) _^*(F+), 

< u r (F + ) — u r (F+) , (*) 

^ r (F+) — d,.(F+xF+), 

then, 
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1. V ~ ® Ml in such a way that the basis of the n 2 -dimensional vector space V 
corresponds to the basis of the n 2 -dimensional GL r (F i | x F/)-bisemimodule Mr ® 



2. the linear algebraic group GL r (F + ) is covered by the bilinear algebraic semigroup 



1.10 Proposition 

Let F + = F£ U F£ be a symmetric algebraic extension field. 

If the Gauss decompositions of the linear algebraic group GL r (F + ) and of the bilinear 
algebraic semigroup GL r (F^ x Ft) correspond under the conditions (*) of proposition 1.9, 
then: 

1. GL r (F + ) 21_^ GL r (F i [ x F£) expressing that GL r (F + ) is covered by GL r (F^" x 



2. the r 2 - dimensional representation space V = Rep sp(GL r (F + )) ofGL r (F + ) coincides 
with the r 2 -dimensional representation space M R ® M L = Rep sp(GL r (F f [ x Ft)) of 



We are then led to a bilinear version of the Wedderburn theorem [K-M-R-T]: 
1.11 Proposition 



M L ; 



GL r (F+ x Ft) . 




GL r (F+ x Ft) . 



Let Bl and Br be the division semialgebras respectively over the semifields Ft — Ft and 
Ft — Ft ■ The following conditions are then equivalent: 



a) Br ® Bl is central simple of dimension r 2 . 



b) Br <S> B L — GL r (Ffl x Ft) , 
B L ®B R ~GL r (Ft xF+) . 



c) The canonical map 




which relates respectively to 




the map 




is an isomorphism. 
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d) { Br,F 1 ~ T * (F «2 spiles B R /F+ ® B L /F+ ~ T r <(F+) x T r (F^ 



1.12 Proposition 

1. Every involution of the first kind on the central simple F^-semialgebra Bl (resp. 
Fft-semialgebra Br ) is defined by a mapping ctl^r : B^/F^ — > Br/F^ (resp. 
o-r^l ■■ B R /F+ -> B L /F+ ) such that: t r (F+) -> #(F+) fresp. i*(F+) -> t r (F+) ) 
transposes every upper (resp. lower) Borel upper triangular matrix t r (F^) G T r (F£) 
(resp. f*(J#) G T r '(F+) j. 

2. Every involution of the second kind ctr x l^lxr on the tensor product of the central 
simple Fft-semialgebra Br by the central simple F^-semialgebra Bl is given by the 
exchange involution: 

ORxL^LxR : Br/F+ <g> B L /F+ — > B L /F+ <g> Br/ F^ 

such that 

x tr(Ft) — > t r (F+) x 4(F+) 
resulting in a double involution of the first kind: 

CRxL^LxR = o-r-^l ° &l^r ■ 



Proof. This is a direct consequence of Propositions 1.9 and 1.12. However, let us prove 
it more explicitly inspired by the book of [K-M-R-T]. 

Let 7 : Mr x M l — > F£ x be a bilinear form on the product of the semifields F£ and 
F£ and let 

7 : — > Mr = Hom(M L , F+) , 
7" 1 : M i? -^M L = Hom(M i? ,F+). 

For any / L G End F +(M L ) (resp. /r G End F +(M fi ) ), we define <7 7 (/ L ) G End F +(M L ) by 
o- 7 (/i) = 7 _1 °/i?°7 (resp. <t 7 -i(/r) G End F +(M/j) by <t 7 -i(/r) = 7°/i°7 _1 )• It is then 
clear that any involution of this first kind <tl-»_r (resp. <tr_>l ) on a division semialgebra 
£> L (resp. ) can be explained as follows: 

(£ L ,<7 M ) - End BL (M L ) ~ (T r (F+),(7 7 ) , 
a^ L ) ~ End BjJ (M R ) ~ (T*(F+), <r 7 -i) . 
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2 Modular representations of general bilinear semi- 
groups in terms of global elliptic bisemimodules 

Until the end of this paper, all developments will refer to the real and complex dimensions 
which are inferior or equal to 2. 

Let us summarize our terminology: 

• We consider the left and right symmetric completions F w and Fj- decomposing respec- 
tively according to the set of places u> = {uj\, ■ ■ ■ , u> n , ■ ■ ■ , u s } and 
lJ = {uJi, • • • , ZJ n , • • ■ , u7 s } ) of the complex algebraic extension semifields F L and F R 
of a global number field of characteristic zero k . If the algebraic extension semifields 
F£ and Fp[ are real, then the corresponding left and right symmetric completions 
F+ and F^~ decompose according to the set of real places v = {v±, ■ ■ ■ , v n , • ■ ■ , v s } 
and v = {v, ■ ■ ■ ,v n , ■ ■ ■ ,v s } . 

• In the real case, let B F + (resp. B F + )be a left (resp. right) division semialgebra over 

v v 

the completions F+ (resp. F^~ ). Assuming the isomorphisms: 
B Fv+ ~ T 2 (F+) and B F + ~ T*(F+) , 

we have 

B F + © B K+ ~ T|(F+) x T 2 (F+) = GL 2 (F+ x F+) 

where GL 2 (F^~ x F+) is a general bilinear semigroup, with entries in the product of 
the semifield completions F^~ x F+ , generated from the product, right by left, of tri- 
angular matrix (semi)groups of order 2 which leads to a bilinear Gauss decomposition 
as introduced in proposition 1.9. 

• GL 2 (Ft x F+) has a representation in the B F + ©Fp+-bisemimodule M F + ©M F + com- 

v v v v 

posed of the set {M P + ©ilF,+ }£_■, _ of subbisemimodules M P + © M P + 
following the places v n and t>„ considered with their m n representatives. 

• Similarly, if F+ = © F+ (resp. Ft = © F^ ) denotes the sum of the 

real pseudo-ramified completions, the algebraic bilinear semigroup GL 2 (F^t x F+J , 
with entries in the product of Ft by Ff , has a representation in the F F + © F F + - 
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bisemimodule M F + © M F + which decomposes according to: 

M F + ©M F + = © (M F + ©M p + ) 

-® ^"0 n ,m n V ~n,m„ r Vn,m n J 

in such a way that: 

B < e ® ^ T ^ F i) X = G M^e >< • 

• The representation space (M F + © M F +) of GL 2 (FJ~ x F+) is homomorphic to the 
representation space (M F + © M F + ) of GL 2 (F^ x ) : 

GL 2 (F+ x F+) > GL 2 (F+ x F+ ) 

(M F _+©F+) ► (M F _ + ©F+J 

2.1 Definition: Left and right real (pseudo-)ramified lattices 

In this respect, a left (resp. right) maximal order K v (resp. ) over Z N Z in the 
left (resp. right) division semialgebra B F + (resp. B F + ) can be introduced by: 

a) the isomorphisms 

Al 2) ~ T 2 (Z jN Z ) and A^ 2) ~ T 2 *(Z /iV Z ) 

where T 2 (Z f N Z) is the subgroup of upper triangular matrices over the integers 
modulo N as it will be developed in section 2.3. 

b) its representation in a left (resp. right) lattice decomposing according to the set of 
places v (resp. v ) of F+ (resp. F^ ) following: 

A 2 = © A£L (^sp. Ag> = © ^ ) 

n,m n ™ n,m n 

(2) (2) 

where A„„ jmn (resp. A^' ) is a left (resp. right) (Hecke) pseudo-ramified sublattice 
associated with the n-th place v n ( m n -th representative) and corresponding to the 
T 2 (F+)-subsemimodule M F + (resp. T|(F^)-subsemimodule M F + ). 

vn,m n Vnrnn 
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2.2 Real (pseudo-)ramified bilattices 

The tensor product <8> of the right (pseudo-) 

ramified lattice A^ by the left (pseudo-) ramified lattice k^f 1 constitutes the representation 
space of the (bilinear) arithmetic group GL 2 (Z / N Zf = T\(Z JN Z) x T 2 (Z /N Z) . 
Indeed we have that: 

Rep sp(GL 2 (Z /N Z) 2 ) = ® Af 

is homomorphic to A^CgA^ which decomposes into the direct sum of bisublattices 
A^, m „ , according to the set of biplaces tixwof x F+ : 

A?>Ag = ee(Ag mn ®A£L). 

On the other hand, the (bilinear) arithmetic group GL 2 (Z /NX) 2 has the following bilinear 
Gauss decomposition: 

g 2 (Z jN Z) 2 = [da(Z /N Z)x d 2 (Z JN Z)] x [«*(Z / N Z) x u 2 (Z /iV Z)] 

for every element # 2 (Z / N Zf e GL 2 (Z / N Zf where 

• d 2 (Z / N Z) is a diagonal matrix of order 2, also called a split Cartan subgroup 
element; 

• u 2 {Z / N Z) is a two-dimensional upper unitriangular matrix; 

• u 2 {Z / N Z) is a two-dimensional lower unitriangular matrix. 

2.3 Complex (pseudo-)ramified bilattices 

The complex case can be handled similarly as it was done for the real case. 

a) So, let B Fu> (resp. B F _ ) be a left (resp. right) division semialgebra over the complex 
completions F u (resp. ). 

Setting Bp w — T 2 (F UJ ) and Bp- ~ T 2 (Fjj) , the complex bilinear semigroup GL 2 (Fu x 
Fu) with entries in the product F^ x F w of the complex semifield completions can be 
introduced by: 

B Fzj ® B Fw ~ T 2 '(F^) x T 2 (F U ) = GL 2 (F„ x F w ) . 
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The GL 2 (Fjj-x i^)-bisemimodule Mp-®Mp^ is homomorphic to Mp^ © which 
decomposes into: 

M F _ © Mp = © (Mp- © M F ) , 

following the complex places w n € w (resp. u7 n G U ) with representatives m Wn , 
constitutes a representation of GL 2 (-F IJ x F u ) . 

b) This can be justified if a left (resp. right) lattice (resp. ) over Z/N Z 
in the left (resp. right) division semialgebra B Fuj (resp. B Fw ) is introduced by the 
isomorphisms: 

A£ 2) ~ T 2 (Z /N Z ) (resp. Ag } ~ T*(Z / N Z) ) 

where T 2 (Z / N Z) is the subgroup of upper triangular matrices over the integers 
modulo N according to section 1.4. 

This left (resp. right) lattice (resp. A^ ) is homomorphic to a£^ (resp. A^ ) 
which decomposes following the set of complex places ui (resp. Id ) according to: 

A S = © A£L„ (^sp. Ag) = © Ag^ ). 

c) The tensor product A^©a£ 2 ' ) constitutes the representation space of GL 2 (Z j N Z) 2 = 
T|(Z /N Z)x T 2 (Z J N Z) in such a way that: A^ © a£ 2 ^ decomposes into the bisub- 
lattices according to: 

Ag©A( 2 )= © (Ag_ n ©AL 2 2_J. 



2.4 Borel-Serre compact ificat ion type of the (pseudo-) ramified 
lattice bisemispace 

Let us introduce the (pseudo-) ramified complex lattice bisemispace X SrxL as the quotient 
semigroup: 

X SrxL = GL 2 (F R x F L ) I GL 2 (Z /N Z f « © Mp w 

where the complex algebraic bilinear semigroup GL 2 (Fr x Fp) is taken over the product 
Fr x Fp of the symmetric (algebraically closed) splitting semifields Fp and Fp . 

X SrxL has a representation in a GL 2 (F^ x F w )-bisemimodule Mp- © Mj? w in the sense 
that: 

x Srxl ~m Fzj ®m Fw . 
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The Borel-Serre toroidal compactification of Xs RxL can be considered as the toroidal pro- 
jective isomorphism of compactification given by: 

Irxl '■ x s RxL — ► X SrxL 

where 

X SrxL = GU{Fl x Fl) I GL 2 (Z /NZ) 2 ^ M f t <g> M f t 

such that: 

• Xs RxL may be viewed as the interior of Xs RxL in the sense that 7^ x ^ is an inclusion 
isomorphism: X SrxL ^ X SrxL ; 

• Fx and F F are "toroidal" symmetric algebraic(ally closed) semifields; 

• M f t ® M f t is the toroidal equivalent of M Ft . ® M Fu . 

2.5 Proposition 

If the multiplicity of the complex places is equal to one, the boundary dXs RxL of Xs RxL is 
introduced as resulting from the surjective morphism: 

Irxl '■ x s RxL -> dX SRxL 

sending the complex toroidal (pseudo-)ramified lattice bisemispace Xs RxL into its boundary 
dX s RxL given by 

dX SRxL = GL 2 (F+' T x F+' T )/GL 2 (Z/iV Z) 2 » M f +,t®M f +,t , 

where 

• Fft' T and F F ,T are "toroidal" symmetric algebraic (ally closed) semifields; 

• Mp+.T <g> M p +,t is i/ie toroidal equivalent of M F + <g> M p + ; 

• -F+ ,T (resp. F^' T ) are the toroidal completions associated with F+ (resp. ) at 
the set of real places v (resp. v ) [Pie2]. 
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Proof. 

a) According to section 2.3, the complex toroidal GL 2 (Fj x F ( J)-bisemimodule M f t © 
M f t is the representation space of GL 2 (Fj x F+) in such a way that: 

Rep sp(GL 2 (Fj x FjJ) = M f t © M f t = © (M f t © Mpr ) 

where Fj and Fj denote the sets of toroidal completions corresponding respectively 
to Fu and F w . 

Similarly, the real -B p +,t © 5„+,T-bisemimodule M„+,t © AF+.t is the representation 
space of GL 2 (F^ x F+ ,+ ) in such a way that: 

Rep sp(GL 2 (F+' T x F+/)) = M f+ ,t © M,. ..r = © (M f ,t © .1/,. .r ) . 

b) At the condition that = 1 , V n , the surjective morphism: 7^ xL : X SrxL — > 
dXs RxL , defining the boundary of the Borel-Serre compactification, corresponds to 
a covering of Rep sp(GL 2 res) (Fj x Fj)) by Rep sp(GL 2 (F+' T x F+' T )) in such a way 
that: 

1) the representation space of the "restricted" algebraic bilinear semigroup 
GL 2 rcs) (if xFj) be given by: 

Rep sp(Gl4 rcs) (if x Fj)) = M f t © 

homomorphic to M r 3 © M^ e | = ©(M f t © M f t ) ; 

2) each complex subbisemimodule 

(M f t © M f tJ , 1 < n < s < oo , m Wn = 1 , 
be covered by the m^> real subbisemimodules {(M f +,t © M f +,t )}™ ( =i • 

c) So, the complex "bi"points of the boundary of Xg RxL are in one-to-one correspon- 
dence with the real "bi"points of dX SRxL . ■ 



2.6 Corollary 

The surjective morphism 

zs a morphism of inclusion in the sense that: 
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a) the real lattice A v (resp. A\j ) is included into the corresponding restricted complex 
lattice AL 2)(rcs) = E A<2 (resp. Ag )(rcs) = S A<g J: 

n ra 

A (2) c A (2)(rcs) ^ A (2) c A (2) (r cs) } _ 

b) the real lattice A„ = © A.i„ jmn commensurable with the restricted complex lattice 

n,m„ 

A (2)(rcs) = s A (2) ^ flnd 
n 

A2=®A£), l<n< S . 



Proof. In correspondence with the covering of the representation space M5f| ® M£?| of 

the restricted algebraic bilinear semigroup GL^^F-? x F^) by the representation space 
M f +,t <S> M f +,t of the real bilinear semigroup GL 2 (F^' T x F+ ,T ) as given in proposition 

2.5, we have that Ag )(rcs) <g> AL 2)(rcs) is covered by Ai 2) <g> A^ 2) . 
It then results that a£! = © A^ mn (resp. Ag| = © A_S imn ). 



2.7 Bilinear parabolic subsemigroup 

Let P 2 (Fr^i) (resp. P 2 (FZ,) ) be a minimal parabolic (locally compact) subgroup over 
irreducible toroidal completions of F w (resp. Fjj ), i.e. restricted to a global class residue 
degree f Ul = 1 (resp. f^ — 1). Let then 

P2(F^) x F^,) = P 2 (Fg x] ) x P 2 (F^) 

denote a bilinear complex parabolic semigroup: it is the smallest (pseudo-)ramified normal 
bilinear subsemigroup of GL 2 (Fj x Fj) constituting a representation of the product I F - n x 
-Tf w „ , 1 < n < s , of the global inertia subgroups I F and I Fun . Remark that GL 2 (Fj x 
Fj) acts by conjugation on P 2 (F|£ 1 ] x Fg^) • Then, a double coset decomposition of 
GL 2 (F^ x Fj) leads to the following compactified bisemispace: 

Sgl 2zn = ^(Fg,, x F^) \ GL 2 (F£ x Fj)/GL 2 (Z/iV Z) 2 

such that the modular conjugacy classes of GL 2 (Fj x Fj) (with respect to {I FjJn x I Fwn ) ) 
correspond to the cosets of P 2 (Fp^ x F^j) \ GL 2 (F£ x Fj) . 

The toroidal isomorphism of compactification 7^. xL : X SryL — > Xs Kxi with boundary 

— P'2 — Pi 

dX SRxL leads to define the boundary dS GL of S GL by: 

^g1 2z = ^(F+'f x F+f) \ GL 2 (F+' T x F+' T )/ GL 2 (Z /N Z ) 2 
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where P 2 {F^ x ^[ v l] ) ^ s t ne bilinear real parabolic semigroup over the product *F^ 
of irreducible toroidal completions of F£ x . 

9Sq L is the equivalent of a Shimura (bisemi)variety following [Pie2]. 

It was shown in [Piel] that the representation space of (P 2 (F^)) (resp. (P 2 (F^)) ) 
in a P 2 (-^ 1 '] T )-subsemimodule (resp. P 2 (F^)-subsemimodule MjL^ ) is a left (resp. 
right) quantum of quantum field theory. 

2.8 Analytic development of the GL 2 (i r z J X i 7 ' c J)-bisemimodule 

M F T (g) M F T 

It appears from section 2.3 that the complex bilinear algebraic semigroup GL 2 (F T j x Fj) 
has a representation space given by the Bp- © P^-bisemimodule Mp-^ © M Fw@ which 
decomposes according to the equivalent representatives of the places of F& and F^ as 
follows: 

Mp © Mp = © © (M Fw © Mp ) 

where the set {Mp, }f (resp. {Mp_ } f _ ) of subsemimodules forms a 

tower of conjugacy class representatives of T 2 (F U) ) C GL 2 (-Fu x F w ) (resp. ^(F^) C 
GL 2 (F^x F w ) ) characterized by increasing ranks, which are increasing integers modulo TV 
as developed in section 1.5. 

Remark also that the decomposition of (Mp_ © ) into subbisemimodules also 
results from the action of the product of Hecke operators (T qR © T qL ) as it will be seen in 
the following. 

So, the Sir_©Sir w -bisemimodule M F -®M F ^ decomposes into a double symmetric tower 
of conjugacy class representatives corresponding each other respectively in the upper and 
in the lower half space. 

The toroidal projective isomorphism of compactification sends the Bp- © -B^-bisemi- 
module Mp- © Mp into the B f t © P^T-bisemimodule M f t © M f t which decomposes 
following the " s " places of F£ and Fj according to: 

M f t ®M f t = © © (m fI ©M f t ) . 

With respect to proposition 2.5, we take into account the restricted GL 2 (Fj x Fj)- 
bisemimodule 

M£? © Mp| = © ( MpT © M f t ) , m^™) = 1 , 
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where the left (resp. right) subsemimodule M f t (resp. M f t ) is a left (resp. right) 
two-dimensional semitorus Tl[n] (resp. T|[n] ) localized in the upper (resp. lower) half 
plane. 



Indeed, let z — £ z a e a be a vector of C 1 and, more precisely, of Fj , and fix 

2 

z — £ z a \e a \ . Then, every left (resp. right) 2-dimensional real semitorus has the 

a=l 

analytic development: 

Tl[n] ~ A(2,n) e 2 ™ 2 



(resp. T 2 [n] ~ A(2,n) e" 2 ™* ), 



where 



• A(2, n) , introduced in section 2.12, can be considered as a Hecke character; 



• A(2, n) e 2mnz corresponds to the product of two (semi)circles localized in perpendic- 
ular planes [Pie2]. 



More concretely, we have that the (semi)torus 

Tl[n\ « Sjjn] x S\ 2 [n\ 

is diffeomorphic to the product of two circles [n] and [n] localized in perpendicular 
planes. 

This gives rise to the following decomposition: 

Tl[n] » A(2,n) e 2mnz , z = x dl +iy d2 , x dl E R , y d2 ER, 
^ S dl [n] x S l d2 [n] 
= r s i e 27TinXd i x r s i e 2win(iyd ^ , 

where r s i and r 5 i are radii verifying 

A(2,ra) ~ r s i^ x , 

in such a way that e 2mn ^ Vd ^ , localized in a plane perpendicular to e 2mnXd i and defined 
over iR , is effectively the equation of a circle. 
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This is justified by the fact that a rotation of 90° of the circle [n] over iM. transforms 
it into the circle [n] over R localized in the same plane as the circle [n] according 
to: 



n\ 



rot(90°): S^n] ^ S^J 

e 2nin(iy d2 ) / iR y ^Trm^) 

where: 

• Sl 2 [n]=r s iJcos(2mny d2 }+ism(2Triny d2 )] , 

• s d 2l \ n ] = r sl [cos(27rra/ d2 ] + % sin(27rm/ d2 )] . 



Then, M^ e | (resp. M^ e | ) has the analytic development: 

EIS L (2,ra) ~ © A(2,n) e 2 ™ 2 , s < oo , 

n=l 

(resp. EIS R (2,n) ~ © A(2,n) e " 2 ™ 2 , s < oo ) 

n=l 

where EIS L (2,n) (resp. EIS R (2,n) ) is the Fourier development of the equivalent of a 
normalized left (resp. right) Eisenstein series of weight k — 2 restricted to the upper (resp. 
lower) half plane [Pie2] and verifying A(2, n) = a^ 1 (n) ~ n ■ N according to proposition 
2.15 while classically a k _i(n) = £ d^ 1 [Ser2]. 

<2|n 

So, EIS^(2,n) (resp. EIS^(2,n) ) corresponds to a left (resp. right) generalized cusp 
form of weight k = 2 as it will be introduced in the following sections; it can be decom- 
posed into a tower of semitori T 2 [n] (resp. T^[n] ), characterized by increasing ranks and 
representing analytically the conjugacy class representatives of T 2 (Fj) (resp. T|(F-?) ) 
C GL 2 (if x FJ) ). 

2.9 Analytic development of the GL 2 (-F^~' T X i r J"' T )-bisemimodule 

M F +,T <g) Mp+.T 

According to proposition 2.5, the boundary dXg RL of I SjiI is given by dX SRL = 
GL 2 (Fp T x F^' T ) I GL 2 (Z / N Z ) 2 . So, the toroidal compactification of the B F + © B F +- 
bisemimodule M F + ©M F + is given by the B f +,t ©5 F +,T-bisemimodule M f +,t®B f +,t con- 

v v v v v v 

stituting the representation space of the real algebraic bilinear semigroup 
GL 2 (F+' T x F^) . 
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M„+,t ® M P +,T can be developed as a direct sum of subbisemimodules following the 
" s " places of -F/' 7 and -F^~' T according to: 

M F +, T <g> M f +,t = © © (M f +,t © M f +,t ) 

"9 "0 ?1=1 m n «n,m n «n,m n 

where M f +,t (resp. M f +,t ) is a left (resp. right) real one-dimensional semitorus 
localized in the upper (resp. lower) half plane. 

So, M f +,t (resp. M f +,t ) decomposes according to a tower of conjugacy class repre- 
sentatives of T 2 (F+> T ) C GL 2 (F^' T x F+> T ) (resp. T*(F^~' T ) ), characterized by increasing; 
ranks, which are increasing integers modulo N , and localized respectively in the upper 
(resp. lower) half space. 

As every left (resp. right) 1-dimensional real semitorus has the analytical development 

Tl[n, m n \ ~ r(l, n, m n ) e 2mnx , x G F+' T , 
(resp. T l R [n, m n \ ~ r(l, n, m n ) e ~ 27vinx ), 

where r(l,n, m n ) = (\ + (n%,m 2 N ) — \^(n%,m%))/2 according to proposition 2.15 and 
section 2.20, M f +,t (resp. M f +,t ) will be developed analytically according to 

v v 

ELLIP L (l,n,m„) ~ © © r(l, n, m n ) e 2ninx , s < oo , 

n = l TO n 

(resp. ELLIP fl (l, n,m n ) ~ © ©r(l,n,m n ) e" 2 ™, s < oo ) 

n=l ra n 

as it will be seen in section 2.18. 

Consequently, the analytical development of the representation space of T 2 (.F+' T ) (resp. 
T 2i F ^ T ) ) C GL 2 (F+' T x F+' T ) is given by the Fourier series ELLIP L (1, n, m n ) (resp. 
ELLIP^(1, n, m n ) ) in such a way that each term of ELLIPl(1, n, m n ) (resp. 
ELLIP^(1, n, m n ) ) be the analytical representation of a conjugacy class representative 
of T 2 (F+' T ) (resp. T^F^"' 7 ) ). By this way, the Fourier series receive an algebraic and 
geometric interpretation. 

2.10 Irreducible representations entering into the Langlands two- 
dimensional bilinear correspondences 

a) According to section 2.8, a representation space Rep sp(GL 2 (Fj xFj)) of the general 
bilinear semigroup GL 2 (F^ xFj) is given by the bisemimodule (M^l ®Mp| ) whose 
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analytic representation is given by EIS#(2, n) ®EISl(2, n) . As the product, right by 
left, of the global Weil semigroups W F - x W Fu] corresponds to the product, right by 
left, of the subgroups of Galois modular automorphisms of GL 2 (Fj x FJ) following 
section 1.7, we see that the sum of the products, right by left, of the equivalence 
classes of the irreducible 2-dimensional Weil-Deligne representation Irr Kep^ 2 \W F - x 
W Fw ) of the bilinear global Weil semigroup (W F -xW Fui ) is given by Rep sp(GL 2 (FjX 
Fu)) ■ On the other hand, EIS R (2, n)(g>EIS i (2, n) constitutes the sum of the products, 
right by left, of the equivalence classes of the irreducible cuspidal representation 
Irrcusp(GL 2 (if x Fj)) of GL 2 (Fj x Fj) . 

b) Similarly, the representation space Rep sp(GL 2 (F^' T x F+ ,T )) of GL 2 (F^' T x F+' T ) 
is the bisemimodule (M f +,t <g> M f +,t) whose analytic representation is given by 

v v 

ELLIPij(l,n, m n )<g>ELLIP L (l,7i, m n ) . Let W Fw xW Fv be the product, right by left, of 
the global Weil semigroups interpreted as the product, right by left, of the subgroups 
of Galois modular automorphisms of GL 2 (F^~ x F+) . Then, the sum of the products, 
right by left, of the equivalence classes of the representation Irr Rep^ (W F - x W Fv ) 
of the bilinear global Weil group (W Fw x W Fv ) is given by Rep sp(GL 2 (F^ x F+)) . 
On the other hand, ELLIP^(1, n, m n ) <g> ELLIP L (1, n, m n ) constitutes the sum of the 
products, right by left, of the equivalence classes of the irreducible cuspidal repre- 
sentation Irr ELLIP (GL 2 (F^' T x F+< T )) of GL 2 (F^' T x F+- T ) . 

So, we can state the proposition : 

2.11 Proposition 

a) Over the sum of the products F& x F w of the completions of the complex number 
semifields Fr and Fl , there is a Langlands bilinear global correspondence given by 
the bijection: 

a F ^ xFw : IrrRep (2) (W^ x W Fu ) — > Irr cusp (GL 2 (Fj x Fj)) ; 

Rep sp(GL 2 (F IJ x F u )) — > EIS R (2,n) x EIS L (2,n) . 

b) Over the sum of the products F ¥ x F v of the completions of the real number semifields 
F R and F L , there is a Langlands bilinear global correspondence given by the bijection: 

a FwXFv : IrrRep (1) (W^ x W Fv ) — Irr ELLIP(GL 2 (F+' T x F+' T )) ; 

Rep sp(GL 2 (F+ x F+)) — > ELLIP fl (l, n, m n ) x ELLIP L (1, n, m n ) . 
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Proof. Taking into account the section 2.10, the Langlands global correspondence ctf-xFu 
implies that, to the double symmetric tower of conjugacy class representatives of GL 2 (i^ x 
Fj) corresponds the double symmetric tower of the cuspidal representations of these conju- 
gacy class representatives consisting in terms of the Fourier developments of the considered 
cusp forms. 

(2) 

More concretely, let g RxL [n\ be a conjugacy class representative of GL 2 (-F ZJ x F u ) , i.e. 
a Bp- n © -Bi^ n -subbisemimodule Mp— n © Mp Un C Mp— © Mp u and let eis i?xL (2,n) = 
A(2,n) • e" 2 ™ 2 © A(2,n) • e 2winz E EIS R (2,n) © EIS L (2,n) denote its analytic cuspidal 
(toroidal) counterpart. 

Then, we have the following set of bijections: 

ei SjRxL (2, 1) , 

PrLlW : - eis RxL (2,n) , 
eisijxL(2, s) , 

EIS RxL (2,n) = EIS fl (2,n) x EIS L (2,n) , 
where: 

• Rep sp(GL 2 (F IJffi x F W J) = © Rep sp(^ L [n]) ; 

n=l 

s 

• EIS flxL (2,n) = © eis RxL (2,n) . 

n=l 

The second Langlands global correspondence (Jp- X F v can be handled similarly. ■ 

Note that this way of introducing two-dimensional Langlands correspondences by global 
class field concepts corresponds to a new approach of this problem which was developed 
locally more particularly by G. Henniart [Hen], H. Carayol [Car], B. Conrad, F. Diamond 
and R. Taylor [C-D-T], S. Gelbart [Ge] and M. Harris and R. Taylor [H-T]. 

2.12 Representations of products of Hecke operators 

The ring of endomorphisms of the GLi{Fu x F w )-bisemimodule (Mf_ © Mp w ) , decompos- 
ing it into the set of subbisemimodules (Mp- © M Fi , ) following the bisublattices 



implying the bijection 

Rep sp(GL 2 (F lJffl xFj) 
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(A^j m <S> J\^l muin ) , is generated over 7L j N Z by the products (T qR ® T 9L ) of Hecke op- 
erators T gH and T qL for g f N and by the products (U qR ® C/ ?i ) of Hecke operators U qR and 
C/ ?i for q | iV [M-W]: it is noted T H (N) R <g> Th(N) l . 

Note that the ring of endomorphisms of the real GL 2 (K J f x F+)-bisemimodule (M F + x 

v 

M F +) can also be defined classically by products, right by left, of Hecke operators, if we 
take into account the proposition 2.5 and corollary 2.6. 

The coset representative of U qL , referring to the upper half plane, can be chosen to 
be upper triangular and given by the integral matrix (JJjj) of the congruence subgroup 
T L (N) in GL 2 (Z) such that: 

• q N = * + q ■ N ; 

b N = * + b ■ N , 

where * denotes an integer inferior to iV . 

Indeed, q N = q ■ N involves that q | q N and also that q \ N if N = rq , r E N . 

On the other hand, q \ N is equivalent to the condition q \ q N since then, 
q N = q ■ N + s . 

• q is the cardinality of the infinite place v q ; 

• b refers to the multiplicity of the Hecke sublattice of level q . 

Similarly, the coset representative of U qR , referring to the lower half plane, can be 
chosen to be lower triangular and given by the integral matrix ( ^ N q ° N ) of the congruence 
subgroup r^(iV) in GL 2 (Z) . 

For general n , we would have respectively integral matrices ( a ^ ^ ) and (l^ d N ) °f 
determinant ■ djq = * + n ■ N . 

In fact, the congruence subgroup T L (N) denotes a general inverse image [Hus] of the 
congruence subgroups T{N) , T^N) or r (iV) in SL 2 (Z /N Z) [M-W], [La], denoting the 
group of matrices ( ° b d ) with the suitable congruences and acting as group(s) of symmetries 
of the hyperbolic upper half plane by the rule z — > (a z + b)/(c z + d) , z G C being a 
point of order N , lm(z) > . 
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The congruence subgroup Tr(N) = r^iV)* denotes the general inverse image of the 
group of matrices (id) with the suitable congruences acting as group of symmetries of the 
hyperbolic lower half plane by the rule z* — > (a z* + b)/(c z* + d) , z* e C , lm(z*) < . 



Considering that the group of matrices 
u 2 (b N ) 



1 6iv 



and 



u 2 (b N y 



1° V 



1 

b N 



A 



V 



elements of the nilpotent group relative to the i> g -th infinite place, generates F g , the 
following coset representative 



92(q 2 N ,b N ) 



f l b N 

LV° l ) 



\ ( 
\ 



i 

b N 



\ 







V 



\0 g^y 



will be adopted for [7^ ® C/ 9i , where ^ j is the element of the split Cartan subgroup 
referring to a pseudo-ramified quadratic infinite place v q 2 = v q xv q . 

92{Qn^n) has a Gauss decomposition form in diagonal and unipotent parts. The 
unipotent part of <72(<7aY, &jv) is u 2 (b^) • u^b^) 1 (and not m 2 (6at)' • u 2 (b^) ), since we are 
dealing with (bi)linear functionals according to the Riesz lemma, and corresponds to the 
element of the decomposition group associated with the split Cartan subgroup element 



a q 2 



i o \ 



2.13 Hecke eigenvalues and decomposition group eigenvalues co- 
incide 

The decomposition group D g 2 of the square of q N associated with the split Cartan 
subgroup element = j is given by ^D q 2 N: b N — ^(fejv) • ^(ftjv)*! • Indeed, the 



semisimple form of D q 2 f . f)N is unimodular since det(Aj 2 • A D 2 ) = 1 where A^j 2 are 



i 2 N ;b N 



the two eigenvalues of D q 2 bN which thus maps g^r into itself. 

Let D q 2 f . bN be the element of the decomposition group acting on the split Cartan sub- 
group element . Let \ + (q%,b%) and \_(q 2 N) b 2 N ) be the eigenvalues of (D^.^ ■ a^) 
so that the determinant of the semisimple form of (D q ^-p ■ a^) be given by det(D ■ 
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a Q 2 N ) ss = ^+(Qn^%) ' ^-(Qn^n) ■ Then, the decomposition group D^.^ is such that: 

: det(o^) — > det( J D^.^ • o^) ss 
9w — ► 9^ 

where ( ) ss denotes the corresponding semisimple form. 

2.14 Definition: The Frobenius element Frob(qr 2 ) 

In the pseudo-unramified case, i.e. when N — 1 , D q 2 h 2 = Frob(g 2 ) which gives: 

D q 2 b 2 : det(a q 2) — > det(o;g2 • Frob(g 2 )) 

2 2 

q >q 

mapping the square of the global residue field class degree f Vq = q into itself. 

So, the Hecke eigenvalues and the Frobenius eigenvalues also coincide in the 

pseudo-unramified case. 

As a result of the coincidence of the Hecke eigenvalues with the decomposition group 
eigenvalues or with the Frobenius eigenvalues, we can then state the following proposition 
and corollary: 

2.15 Proposition 

There is an explicit irreducible semisimple (pseudo-)ramified representation, associated with 
a weight two cusp form 

p x± : Gal(F+/fc) x Gal(F+/fc) — GL 2 (T H (N) R ® T H (N) L ) , 

having eigenvalues: 

x ,2 (1 + ftjy + gAr) ± [(1 + ^ + 4) 2 - 4^]* 



verifying 



trace p A± = 1 + 6^ + , 
detp A± = X + (q 2 N ,b 2 N ) ■ \_(q 2 N ,b 2 N ) = q 2 N 
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Proof. Indeed, we have a representation p\ ± whose coset representatives are given by 
the matrices: 



92{q 2 N ,b N ) 



1 b N 10 
1 



U+b 2 N b N qj} 



\ b N qff J 



having eigenvalues \±(q%,b%) . 

It is then easy to check that trace p\ ± — 1 + b 2 N + q^ and that det p\ ± = qff . 



2.16 Corollary 

Let p™ ± be the corresponding irreducible semisimple (pseudo-)unramified representation, 
associated with a weight two cusp form: 



where 



pll : Gal(F+' n 7A;) x Gal(F+> nr /A;) — GL 2 (T Hr ® T Hl ) , 



having eigenvalues: 



X n ± r (q 2 ,b 2 ) 



{l + b 2 + q 2 )±[(l + b 2 + q 2 ) 2 -4q 2 } k * 



verifying 



trace p£ (Frob g 2 ) = 1 + b 2 + q 2 , 
detp^(Frobg 2 ) = A" r (g 2 ,6 2 ) • X r !_ r {q 2 ,b 2 ) = q 2 . 

Then, p^ ± has a characteristic polynomial having the form 

X 2 - trace p n x r ± (Frob q 2 )X + g 2 = 

where X is an indeterminate [La-Tr], [Shi], [Serl], [Clo]. 

2.17 On the relevance of considering bialgebras for modular rep- 
resentations 

Assume classically that / is a normalized eigenform associated with the congruence sub- 
group Ti(iV) in SX 2 (Z) of weight k > 2 . Then, T n is the Hecke operator verifying 
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T n f = c(n, /)/ , for each integer n , where c(n, /) is an algebraic integer. Let Kf be the 
number field generated over Q by the {c(n, /)} and 9 its ring of integers. 

The normalized eigenforms / , expanded in formal power series / = £ a n q n , are non- 

n 

zero cusp forms of the space S(N) and are eigenvectors for all the T n , satisfying a± = 1 
and a n = c{n, /) : so, Fourier coefficients of / and eigenvalues of T n coincide. The space 
S(N) of the / = £ c(n, /)g n is thus a [semi-] algebra [Pie3] of cusp forms. 

n 

If if denotes the Poincare upper half plane in C , the eigenforms / , elements of the 
[semi-] algebra S(N) , are holomorphic in H and defined in {Im(z) > 0} with respect to 
the variable z G C of q — e 2mz . The dual [semi-] algebra of the [semi-] algebra S(N) , 
relabelled Sl{N) , is defined as the right [semi-] algebra Sr(N) whose elements are nor- 
malized eigenforms fn associated with the congruence subgroup Ti(A^)* (of the transposed 
matrices of Ti(A r ) ) and defined in the Poincare lower half plane H* . ( "L " is for left and 
refers to the upper half plane while " R " is for right and refers to the lower half plane). 

These eigenforms f R of S R (N) , expanded in Fourier series f R = Y,a ntR q R = 

n 

S cin,R^ 2mnz , are holomorphic in H* and defined in {Im(z) < 0} . The f R are eigenfunc- 

n 

tions of Hecke operators T n ^ R , defined with respect to the congruence subgroup F^N)* 
and verifying 

Tn,Rfn = c(n, f R )f R with a n , R = c(n, f R ) . 

The bi [semi] algebra Sl(N) associated with the [semi-] algebra S L (N) is given by Sl(N) = 
S R (N) 0,9 Sl(N) and is of special importance owing to the natural homomorphism ip : 
S e L (N) — > End6»(S , L(A^)) where Ende(SL(N)) is isomorphic to the Hecke algebra Hl gener- 
ated by the Hecke operators T n>L (N) [F-D]. 

Considering the isomorphism 

u : End e (S R (N)) ® End e (S L (N)) — > End e (S R (N) ® S L (N)) 

where Ende(S R (N)) <g> Ende(S , L(A r )) is isomorphic to the product H R <8> of the Hecke 
algebras 7i R and Hl , generated by the Hecke operators T n>R and T„ iL , while End e (5 , R (iV)(g) 
Sl(N)) is isomorphic to the Hecke bialgebra H r ®l , generated by tensor products T n R ® 
T„ iL of Hecke operators T nyR and T HiL acting on S L (N) , we are led to the following 
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commutative diagram: 

Sl(N) — End e (S L (N)) 

\ 

End e (Sl(N)) 

It then becomes clear that End^S^iV)) will be worked out successfully by taking into 
account the endomorphisms Endg(SKN)) of the bialgebra S1(N) , i.e. by considering 
the Hecke bialgebra TLr®l of tensor products T n R <g> T nL of right Hecke operators T n R by 
left Hecke operators T nL acting on tensor products of cusp forms fx <E> /l = X a n,RQR ® 
Sa„, L? 2e^(7V)(g) ( 5 i (7V) . 

n 

fn®D fh is called a modular biform and is naturally defined in the present context on 
the complex algebraic bilinear semigroup GL 2 (F£ x Fj) . 
f R ®d h e C°°(GL 2 (F£ x Fl )/GL 2 ((Z/7V • Z) 2 . 

2.18 The space of global elliptic semimodules 

According to section 2.7, the compactified bisemispace 

s5u Zn = p*{j?u x f m) \ GL ^ x f l) I GL ^ Z / N - z ) 2 

decomposes into pairs of two-dimensional semitori following the "modular" conjugacy 
classes of GL^i*^ x F^) which are in one-to-one correspondence with the places of F£ or 
Fj counted with their multiplicities. 

— Pi 

Remark that there is a one-to-one correspondence between S GL , restricted to the 

2 z N \ L 

upper half space (left case), and given by the semispace 
and the jacobian 



sl 2z nIL = P2 (ifo ) \ t 2 {fD /t 2 (z /n ■ z ; 



J(N) C =H°{X(N) c ,Sl)/H 1 {X{N) c ,'L) 

of the Riemann surface X(N) C corresponding to the group T(N) associated withT^iV) 
(see section 2.12). 

Indeed, the subgroup T 2 (Z/iV Z) is a representation of Hecke lattice operators cutting 
T 2 (Fj) following its modular conjugacy classes which are in one-to-one correspondence 
with the sublattices or periods of the jacobian J(JV)c [Hin], [Bos]. In order to have a 
natural model over Q of X(N)c leading to J(N)q = Pic(X(iV)Q ) , the boundary 

dScl 2z = P2(F+? x Ffa) \ GL 2 (F+' T x F+' T ) / GL 2 (Z /N Z f 
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— Pi 

of S GL is assumed to be decomposed into pairs of packets of one-dimensional semitori 

following the biplaces of x F^j such that each packet of lD-semitori covers the 

corresponding complex representative of the considered conjugacy class of T 2 (Fj) or of 

Let the number of infinite complex places be equal to the number of real infinite places. 
Then, every 2D-semitorus Tf[n, m n — 1] e Sq L2 (resp. T^[n,m n — 1] e ) 

can be decomposed into a packet of lD-semitori Tl[n,m n ] (resp. T^[n, m n ] ) referring to 
the n-th place of F^ T (resp. F^ T ) in one-to-one correspondence with the n-th modular 
conjugacy class of GL 2 (F[1]' x F^j ) corresponding to the n-th coset of the boundary 

° S GL*- ° f 5 GL 2 , • 

£ N £ N 

So, every 2D-semitorus of Sq L can be decomposed into a packet {T2[n, m n ]} mn 

Z JV 

of lD-semitori isomorphic to a set of afnne curves of the T 2 (F„+)-subsemimodule M F + 
and characterized each one by an integer " n " with respect to the representation of the 
smallest pseudo-ramified normal subsemigroup of class " 1 " of T 2 (F+) which is a P 2 (F^)- 
subsemimodule Mj^j also called a left quantum. The integer n corresponds to the global 
class residue degree 

[Kr ■■k} = f Vn =n 

in such a way that a pseudo-ramified one-dimensional semitorus of class n has a rank given 
by [F+ n : k] = n • N where N is the rank of the quantum M^j . 

The set of continuous complex- valued functions over the conjugacy class representatives 
of the T 2 (F+ ,T )-semimodule M f +,t (resp. T 2 (F^' )-semimodule M f +,t ) is a semisheaf of 

v v 

rings whose set of sections is noted A L = T(M f +,t) (resp. A R = F(M f +,t) ). 

This set of sections A L (resp. A R ) has the structure of a semiring C(M/i) (resp. 
C(M^ i j) ) of continuous complex valued functions over left (resp. right) quanta Mjyj 
(resp. -^[^l] ) due to the injective maps: 

m£(ra) : M( Vi] — > M f +,t , 1 < n < s , 
(resp. m£(n) : Mi , — ► M f +,t , 1 < n < s ), 



where M f +,t (resp. M f +,t ) is a left- (resp. right)-T 2 (F^ ,T )-subsemimodule e M f +,t (resp. 



■ ; i rij). |./ ; i,t « nil - iir,i|;, i i n, i n ; - i ■> \ i '' 1 

T 2 *(F^' T )-subsemimodule e M f +,t ). 



For every section (sl)„ j6 G A l (resp. (s R ) nfi e A R ), let End F +,T(A L ) (resp. 
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End f +,t(A r ) ) be the Frobenius endomorphism of A L (resp. A R ) and let 

v 

q/Ql^ q n /Q L e End F+ , T (s L ) rhb 
(resp. q /q r — > q n /Q R E End F+ ,T (s R ) n , b ) 

be the Frobenius substitution where g n /Qi = e 27rmx (resp. q n /Q R = e~ 2mnx ); x <E F+' T 
being a point of order N . 

A global elliptic left (resp. right) -A L -semimodule 4>l{sl) (resp. A/j-semimodule 
< Pr( s r) ) over Q is a ring homomorphism: 

0l : A L — ► End F +, T (A L ) 
(resp. (fr R : A R — ► End F +, T (A R ) ) 

V 

given, for the sections sl E Al (resp. s R in A R ), by: 

L (sl) = S S0(s L )„,fe g"/QL , S<00, 
?1=1 fl / 

(resp. <I>r(s r )= E E<l>(s R ) n>b q n /Q R , s < oo ), 

n=l b I 

where 

• £ runs over the classes " n " of the set of pairs of lD-semitori isomorphic to the set 

n 

of pairs of the affine curves of GL 2 (F+ x GL 2 (Z /N Z f ; 

• E runs over the representatives of the pairs of the lD-semitori of class " n " . These 
b 

representatives correspond to the number of (semi)orbits or ideals of the decomposi- 
tion group D n 2^. bN according to definition 2.13; 

• <P(sL) n ,b (resp. 4>(s R ) n ,b ) is a coefficient of the Fourier series 4>l{sl) (resp. (f) R (s R ) ). 

Remark that the name of global elliptic left (resp. right) A^-semimodule 4>l{sl) (resp. 
AR-semimodule (f) R (s R ) ), also noted ELLIPl(1, n, m n ) (resp. ELLIP^(1, n, m n ) ) in section 
2.11 for these (truncated) Fourier series is justified by the facts that: 

a) a subset of lD-semitori of level p , where p is a prime number, can be identified 
with the orbit space of an elliptic curve E(F p ) under the action of the decomposition 
group D 2 as it will be seen in chapter 3; 
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b) these global elliptic (semi) modules have some analogy of construction with respect 
to the local elliptic modules (over function fields) introduced by V. Drinfeld [Drin] 
(see also [And]). 

2.19 Proposition 

Let Si,(f) (resp. S R (f) ) be the left [semi-] algebra (resp. right [semi-] algebra) of modular 
forms f L (z) = £ a„ ]L q L (resp. f R (z) = £ a n>R q R ) q L = e 2mz (resp. q R = e~ 2ntz ), z G C , 

n n 

• being normalized eigenforms of Hecke operators associated with the congruence sub- 
group T L (N) (resp. F R (N) ) introduced in section 2.12; 

• characterized by a weight two and a level N . 

On the other hand, let S £,(</>) (resp. S R ((p) ) be the left [semi-] algebra (resp. right [semi- 
falgebra) of global elliptic A L -semimodules 4>l(sl) (resp. 4>r(s r ) ) in the sense that f L (z) ~ 
0l(sl) (resp. f R (z) ~ (p R (s R ) ). Then, we have the following inclusions of left [semi- 
Jalgebras (resp. right [semi-] algebras): 

SM - s L (f) 

(resp. S R (cj>)^S R (f)). 

Proof: according to section 2.8, the (truncated) Eisenstein series EIS_l(2, n,m n = 1) 
(resp. EIS/j(2, r, m n = 1) ), which is a (pseudo) modular form fi(z) (resp. f R (z) ) [Ma3], 
constitutes the analytic development of the T 2 (Fj)-semimodule M^ e | (resp. T^F^)- 
semimodule M£| ) according to the global Langlands correspondence a) of proposition 
2.11. On the other hand, the global elliptic A L -semimodule 4>l(sl) (resp. A/j-semimodule 
0r(-s_r) ) constitutes the analytic development of the T 2 (F+' T )-semimodule M f +,t (resp. 
T 2 (F^' T )-semimodule M f +,t ) according to section 2.10 and the global correspondence of 

V 

Langlands b) of proposition 2.11. 

Then, if we assume that (conditions of proposition 2.5): 

1. the complex places of F„ have simple multiplicities given by m n = 1 ; 

2. the number of complex places of is equal to the number of real places of F+' T ; 

3. 0Sq L c — > Sq L (see section 2.18), implying that complex irreducible completions 
coincide with real irreducible completions, 
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it is then clear that 



f L (z) ~ 0l(sl) (resp. f R (z) ~ <j> R (s R ) ); 



^ S L (f) (resp. ^(0) - 



2.20 Supercuspidal representations in terms of global elliptic 
bisemimodules 

Let ®d denote a diagonal tensor product, i.e. a tensor product whose only diagonal terms 
with respect to a basis {e n> b <E> e n ,b\ are different from zero. Let \ + (qfj, b 2 N ) and \~(q%, b 2 N ) 
be the eigenvalues of the products of Hecke operators having as coset representatives 
92(q 2 N ,b N ) . 

Assume the existence of a global elliptic A#_L-bisemimodule (p R (s R ) ®d 0l(sl) = 
£ 0(sH)n,6?/Qo ®c E 0(sl)<?/ Q whose coefficients 0(s L )n,& (resp. 0(s R ) njb )are given by 

0(sL)n,fe = (X+(n 2 N ,b 2 N )) (resp. 0(s R ) n ,f> = (X-(n 2 N ,b 2 N )) ) and which verifies f R (z) ® D 
fh{z) — <f) R {s R ) (S>d 4>l{sl) , i-e. the "inclusion", in the sense of 2.19, of the elliptic 
A^.^-bisemimodule into a diagonal tensor product of weight two cusp forms. Consider 
the isomorphism: 

iR®iL- <Pr(s r ) ® d 4>l{sl) = £ (X+(n 2 N: b 2 N ))qJ Q <g> D E (X-(n 2 N , b 2 N ))q 1 l QL 

n,b n,b 

— >M-s R ) ®d0l(sl) = Z(r(n 2 N ,b 2 N ))q r L R (g) D E(r(n 2 N: b 2 N ))q r J QL 

n,b n,b 

sending the eigenvalues (\±(n 2 v ,b 2 v )) to (r{n 2 Nl b 2 N )) defined by (r{n 2 N) b 2 N )) = 
((X+(n 2 N ,b 2 N )) + (\_(n 2 N ,b 2 N ))/2 = trace p x± (n 2 N , b 2 N )/2 given in proposition 2.15. 

Then, <f) R (s R ) ®d <Pl{sl) decomposes into a sum of (tensor) products of irreducible 
semitoric curves localized in the upper and in the lower half space corresponding to each 
other by pairs of same class n and same value of b in such a way that each pair of semitoric 
curves be characterized by a radius (r(n 2 N , b 2 N )) and a center at the origin. The isomorphism 
i R ®iL has then to be interpreted as a translation of the toric curves since (\±(n%, b 2 N )) may 
be viewed as a pair {cent(n 2 N ,b 2 )), (r(n 2 N ,b 2 N ))} where (cent(n 2 N ,b 2 N )) = ((\ + (n 2 N ,b 2 N )) — 
(\^(n 2 N) b 2 N ))/2 is the image of the translated center under i RjL . It then results that the 
eigenvalues \ + {n 2 Nl b 2 N ) and \_{n 2 Nl b 2 N ) are equivalent. 
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A diagonal tensor product of weight two cusp forms thus has for representation 
4>r( s r) ®r> 0( s l) which will be rewritten according to: 

4>r(sr) ®d 4>(s l ) |^ 11^ <g> D I1 L = E(m R (n)U R (n)) (g) D (m L (n)U L (n)) 

n 

where m^(n) (resp. m R (n) ) denotes the multiplicity of the irreducible curve il^(n) (resp. 
n_R(n) ) of global level n , i.e. associated with the global left (resp. right) place v n (resp. 



2.21 Proposition 

Let GL 2 {F^ x F+) be the general bilinear algebraic semigroup over F^f x F+ . Then, 
GL 2 (F^ x F+) has for irreducible supercuspidal representation the Grothendieck group 
Groth(GL 2 (F+ x F+)) defined by 

Groth(GL 2 (F+ x F+)) = U R ® D U L = ^(m R (n)U R (n)) ® D (m L (n)U L (n)) . 

n 



Proof. Indeed Yi R <g) D U L constitutes an irreducible supercuspidal representation of 
GL 2 (F^f x F+) such that the sum of the representations of the conjugacy classes of 
GL 2 (FJ~ x F+) are in bijection with the sum of the irreducible supercuspidal subrep- 
resentations of Yi R <g> D U L over the quadratic places (v n x v n ) . ■ 



2.22 Injective nilpotent morphisms 



Assume that the bi [semi] algebra S r (4>)®dSl{<P) of elliptic A R _i-bisemimodules is included 
into the bi [semi] algebra S R (f) ® D S L (f) of weight two cusp forms. 

Let H RxL : GL 2 (F^ x F+) — > <p R (s R ) ®d 4>°l{ s l) denote a simple supercuspidal repre- 
sentation of elliptic type of GL 2 (F^f x F+) such that 

4>r(sr) ® d 4>Usl) = S(AK, b 2 N = 0)qJ QR ® D Z(\(n 2 N , b 2 N = 0))q 1 / QL 

n n 

be defined with \{n 2 N , b 2 N = 0) = n N = n ■ N as the square root of the eigenvalue n 2 N of the 
coset representative 



92(n 2 N ,Q) 



1 
1 



n 2 N 



= I ■ a r 
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Suppose that uJv nR ^ denotes the action of the decomposition group on the irreducible 
supercuspidal subrepresentation IIr (n) 8d Ili(n) . 

cj° u then corresponds to the injective (nilpotent) morphism: 



-Rx L 



^v nRxL '■ nij(n) ®d n L (n) — > m R (n) U R (n) <8>d m L (n) n L (n) 
which generates the multiplicity of the supercuspidal subrepresentation 

U R (n) ® D U L (n) = \(n%, b% = 0) • g n /Q R ® D A(r&, 6^ = 0) • q n /Q L ■ 



We thus have a family cu° flxi of injective morphisms at all quadratic places v r x l = vxv 
such that: 

nLL« x J : GL 2 (F+ x F+) — fi ( SR ) ® D L ( SL ) 
where (j) R (s R ) ®d is the global elliptic A^_^-bisemimodule: 

n,b n,b 



2.23 Proposition 

There exists a family ^ RxL of injective morphisms associated with the action of the set 
{D n j^} n 2 of decomposition groups such that: 

U vrxl ■ n /?xL ► ^Rxl(^v RxL ) 

implies the commutative diagram: 

GL 2 (F+ x F+) ; 4P R ( 8R ) ® D <j>° L (s L ) 



V RX L 

4>r{sr) ®d </>l(sl) 



2.24 Corollary 



The family of injective morphisms ui® corresponds to the action of the product W R x W L 



vrxl 



of the Weyl groups acting on the supercuspidal representation of elliptic type 4> R (s R ) ®d 
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Proof: indeed, 4> r (sr) ©d <Pl{ s l) consists of the sum of products of pairs of maximal 
semitori T R [n] x T}\n\ at all quadratic places vr x l = vxv. 

And, on the other hand, the action of the set {D n 2^} n 2 of the decomposition groups, 
associated with the family of injective morphisms <^v RxL > corresponds to the action of the 
product Wr x Wl of the Weyl groups since, for every product Wy n x W Vn G Wr x Wl of 
Weyl subgroups restricted to the quadratic place v n x v n , we have: 

N R Nj 



T R [n] Tl[n] 

where N L (resp. N R ) is the normalizer of T}\n\ (resp. T R [n] ) in n L (n) (resp. Il R (n) ). 



3 Applications: The treatment of some conjectures 

Chapter 2 deals with the representation of a complex algebraic bilinear semigroup GL 2 (F 5J x 
F u ) into a 5f_ © i^-bisemimodule © ^fl^ decomposing into direct sum of bisub- 

semimodules M F _ © Mp, characterized by increasing ranks. 

A toroidal compactification of the Borel-Serre type of Mj? © ^ F ^ 9 '■ 

1. maps each subsemimodule Mp, (resp. Me_ ) into a two-dimensional semi- 
torus; 

2. is such that its boundary is the restricted complex GL 2 (Fj x Fj)-bisemimodule 

M T 3 ©MS = © (MS ©Ms) 

covered by the real GL^F^' 7, x F+' T )-bisemimodule 

Mp_+,T © Mp+,T = © f Mp_+,T © Mp+,T ) 

at the conditions of proposition 2.5. 



The analytic development of the ^(FjVsemimodule MS (resp. T 2 (F-^)-semimodule 
M£f| ) is the equivalent of the Eisenstein series EISl(2, n) (resp. EISj?(2, n) ) which is a 
modular form (resp. /r(-z) ), restricted to the upper (resp. lower) half plane. 

So, a modular form on the representation space of the complex bilinear algebraic 
semigroup GL 2 (Fj x Fj) is a modular biform f R (z) © f L (z) e C°°(GL 2 (F£ x Ff)/ 
GL 2 (Z /N Z) 2 ) . 
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The analytic development of the T2(F+ ,T )-semimodule M f +,t (resp. T|(F^~' T )-semi- 
module M f +,t ) is given by the global elliptic A^-semimodule 0l(s.l) 

= £ \-(n 2 N) m 2 n ) e 2mnx (resp. A^-semimodule 0k(s_r) = S A + (n^,m^) e ~ 2,rm:r ), in 

n,rrt n n,mn 

such a way that the m n representatives of the n-th class of 0l(sl) (resp. 4>r( s r) ), which 
are semicircles, cover the n-th representative of EISi(2,n) (resp. EIS#(2,n) ), which is a 
Tl[n] (resp. T R [n] ) semitorus. 

So, the modular representation of fi,(z) (resp. fii(z) ) can be given by a set of n , 
1 < n < oo , two-dimensional semitori Tf [n] (resp. T|[n] ), restricted to the upper (resp. 
lower) half plane and covered each one by m n semicircles of the n-th class of the global 
elliptic semimodule 0l(sl) (resp. <Pr(sr) ). 

This kind of modular representation will be used in this chapter in order to analyze 
the three following conjectures. 

3.1 The Shimura-Taniyama-Weil conjecture 

The Shimura-Taniyama-Weil conjecture deals with the modular representation of an elliptic 
curve. Let us recall the main tools of this modular representation. 

Let T H (N) R <S> T H (N) L be the ring of products of Hecke operators T qR <g> T qL and 
U qR <E> U qL . Assume that a global elliptic A^_ L -bisemimodule 4>r(sr) ®d 4>l{sl) — 
£ (\ + (n 2 N ,m 2 N ))q r L ® D £ (X-(n% : n^))g? corresponds to each normalized eigenform 

n,m n,m /VL 

fniz) <S>d h(z) = Sa„,ng^ ®o S a„,Lg£ , qn,L = e T2wiz , z G C , of a product of 

n n 

Hecke operators. 4>r{sr) ®d 4>l{sl) can then be viewed as an automorphic representa- 
tion of /r(z) ®d fh{z) composed of a double tower of one-dimensional irreducible curves 
Ef{n Nl m N )R >L : 1) being each one a semitorus T^ L [n,m n ] of class n with respect to a 
quantum of class 1 (see section 2.18); 2) having centers and radii given by the pairs 
{cent(n 2 N ,m 2 J,{r(n 2 N ,m 2 n ))} . 

3.1.1 Euclidian uniformization of the elliptic curve E(C) 

Let E(C ) be an elliptic curve over C given by the equation Y 2 = 4X 3 + AX + B ( A, B e 
C ) arising in connection with the nonlinear differential equation (p 1 ) 2 = Ap 3 + Ap + B 
where the p-function is the Weierstrass p-function which is periodic and related to a lattice 
in C . 

Assume that this lattice in C is precisely the lattice A 2 (resp. ) in the B Fui - 
semimodule M Fw (resp. _Bir_-semimodule M F - ) as developed in section 2.3. 
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So, an Euclidian uniformization of our elliptic curve E(C ) of the type introduced by 
B. Mazur in [Mai] would be obtained by considering the surjective mapping: 



£g M(C) : GL 2 (F R x F L )/GL 2 ((Z/iV-Z) 2 ) — >£(C) 

of the quotient of the complex bilinear algebraic semigroup GL 2 (.Fr x Ft) by the subgroup 
GL 2 ((Z I N ■ Z) 2 ) , constituting a representation of the bilattice A^® A 2 . This mapping 
£gl 2 ^£(c) identifies the complex points of the elliptic curve E(C) with certain "bipoints" 
of the orbit space GL 2 (Fr x F l ) / GL 2 ((Z /N ■ Z ) 2 ) with respect to A| <g> A 2 



3.1.2 Hyperbolic uniformization of the elliptic curve E(C ) 

The quotient bilinear semigroup GL 2 (Fr x F l ) / GL 2 ((Z /JV • Z ) 2 ) is a bisemispace whose 
representation is the GL 2 (F ZJ x F w )-bisemimodule M F - <g> . 

As it was developed in chapter 2, a modular representation of Mp^ ® can be 

only obtained if we consider the restricted GL 2 (F-^ x Fj)-bisemimodule M^l ® M£?| = 

© ( Mpl ® Mp e | ) , 1 < n < s < oo , having a cuspidal representation given by the 

71=1 V w„ 

product, right by left, EIS R (2,n) <g> EISl(2, n) of the equivalent of Eisenstein series (see 
section 2.8). 

Let fn(z) ® /l(-z) — EIS fl (2,n) <x>d EIS L (2,n) be the normalized eigenform of the 
above mentioned products of Hecke operators: it is a product, right by left, of cuspidal 
forms expanded in formal power series. 

Thus, fii(z) <x>d /l(z) constitutes a cuspidal representation of the restricted GL 2 (Fj x 
Fj))-bisemimodule M r 3 ®d M' e | . 

A hyperbolic uniformization of our elliptic curve E(C) will be reached by considering 
the surjective mapping: 

Wgl£^b(C) = ® D — > £(C ) 

identifying the complex points of E(C ) with certain complex bipoints of M£?| (g) D ML e | . 

So, the hyperbolic uniformization of E(C ) is especially obtained by getting rid of the 
multiples of the subbisemimodules M f t <g> M f t , 1 < n < s < oo , i.e. by considering: 

M r 3 ® D M' e | = £ E ( MpT ® d M f t )-i E (m f t ® d M f t 

"® w 9 tl=lm„„ \ <"n,m w „ ^n,m Wn J n=lm„„>l\ "n,m„ n <"n,m<. 

= S f M£? ® D M^ e | ) . 

n=l V "ra w «/ 
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As fR{z)®DfL{z) is a cuspidal representation of M^t^dM^t , it constitutes a modular 
representation of the elliptic curve by the surjective mapping: 

if we take into account the mapping Hgus^ek) ■ 

This hyperbolic uniformization [Rib2] is realized in the upper and in the lower half 
planes which are periodic respectively with the congruence subgroups Tl(N) and Tr(N) 
(representations respectively of the Hecke operators U qL and U qR ) being restricted sub- 
groups of T(N) (or Ti(iV) or T {N) ) and r\N) (or T\{N) or r*(7V) ) respectively (see 
section 2.12). 

3.1.3 Hyperbolic uniformization of arithmetic type of the elliptic curve E(Q) 

The next step consists in envisaging the modular representation of the elliptic curve E(Q ) , 
covering its complex equivalent E(C ) , by means of the global elliptic A^_^-bisemimodule 
4>r{sr) <£>d <Pl(sl) • So, we have to consider the diagram: 



rt/cusp (res) 
n GL T es — C 
2 C 



/flares ®D h(z) res > E(C) 

M^f M E (Q)-*e(C) 

o-cusp (res) 

(f>R(s R ) ICS (g) D (f) R (s L ) rcs ► E(Q) 

in such a way that the covering M.e(Q)^>e(C) of the elliptic curve E(C) over C by the 
elliptic curve E(Q) over Q can be reached throughout the covering of the re- 

stricted cuspidal biform fR(z) rcs ®d fL(z) TCS by the restricted global elliptic bisemimodule 
4>R(sR) rcs ®£> 0i?(sL)res , as it will be developed in the following. 

As the mapping .M </,_>/ was justified in chapter 2, the covering mapping A4e(q)->e(c) of 
the elliptic curve E(C ) by the elliptic curve E(Q ) will be justified if the surjective mapping 
^giP^e(q) °f ^ ne em Ptic curve E(Q) by the global elliptic bisemimodule 0/j(s R ) rcs ® D 

4>r{sl)vcs can be justified. This surjective mapping ^^^"^(Q ) corresponds precisely 
to the hyperbolic uniformization of arithmetic type of the elliptic curve E(Q) because 
it corresponds to a modular representation of the elliptic curve E(Q) by (4>R(sR) res <S>n 
0r(s l ) tcs ) . 

Now, describing the elliptic curve E(Q) globally over Q is equivalent to consider the 
set {E(Z/n Z)} neN of the elliptic curves, and, especially, the set {E(¥ p )} p of elliptic 
curves over F p , p being a prime number (because our equation of E(Q) , having integer 
coefficients, can be reduced modulo p ) [Tat], [Ma2]. 
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As mentioned above, <Pr(sr) ®d 4>r{ s l) is the direct sum of the n sets of products, 
right by left, 

{E f (n N ,m n ) R ) <g> E f (n N ,m n ) L } mn = {T R (n,m n ] ®T^[n,m n ]} mn 

of one- dimensional irreducible curves Ef(riN,mN) which are semitori T 1 [n,m n } . 

So, at each integer n , we have a subset of m n , m n e N , products of semitori T\ [n, m n ] , 
localized in the upper half plane, by their equivalents T R [n,m n ] in the lower half plane in 
such a way that T R [n,m n ] be, for instance, projected on T}\n,m n } . 

These m n -semitori Tl[n,m n ] and T R [n,m n ] , generated under the action of the decom- 
position group D n 2^ according to section 2.13, are isomorphic. 

Taking into account that: 

a) £(F p )~(Z/pZ) 2 , 

b) Tl(p,m p ] (resp. T R [p,m p ] ) is a cyclic semigroup whose order is a multiple of p , 

it is reasonable to associate with an elliptic curve E(¥ p ) (having good reduction at p ), 
the subset {Ef(pN,m p )n <g> Ef(pN,m p )L} mp of m p products of semitori, p being a prime 
integer, in such a way that there exists a natural surjective mapping: 

{E f (p N ,m p ) R ® E f (p N ,m p ) L } mp — ► E(¥ p ) 

which identifies the elliptic curve E(W p ) with the orbit space of the p-th class of products, 
right by left, of semitori of the global elliptic bisemimodule 4>r(s r ) ®d 4>l{.Sl) under the 
action of the decomposition group . 

3.1.4 Proposition 

If we have the natural surjective mapping: 

{E f (p N ,m p ) R ) <g> E f (p N ,m p ) L } mp — > E(¥ p ) , 

then the elliptic curve E(F p ) will have m p generating points given by: 

#E(W P ) = (| detp A(p 2^ m 2) - trace Px( P %,m*) + 
= rn p 

where det Pa^,™^ and trace PA(p^,m|) are given in proposition 2.15. 
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Proof. 



1. The sum of the m p products, right by left, of semitori is given, according to section 
2.20, by: 

© (E f (p N ,m p ) R ) <g> E f (p N ,m p ) L ) = © (\ + (p 2 N ,m 2 p ) e~ 2m ^ © D \+(p 2 N ,m 2 p ) e») , 

m p m p 

where the coefficients \±(p%, m 2 ) are eigenvalues of products of Hecke operators given 
by the coset representatives g2(p%, ^v) in sections 2.12, 2.13, and in proposition 2.15. 

2. Recall that the number of points on an elliptic curve E(F p ) is traditionally given by: 

#£(F P ) =p + l-a p 
where a p results from T p (f) = a p f if 

• / is an eigenfunction of the coset representative T p of the Hecke operator; 

• a p is the sum of the eigenvalues of T p . 

A similar formula can be introduced by taking into account the present context. 

3. As the number of Galois automorphisms on a semitoric curve Ef(pN,m p ) is equal 
to its rank rE f (p N ,m p ) — p N — p • N , it is reasonable to associate with the orbit 
space of the subset {Ef{p Nl m p ) R ® Ef(p N ,m p ) L } mp the elliptic curve E(F p ) over F p 
and to think that the number of generating points on E(¥ p ) could be given by the 
rank r %2^ pN m ) = p% of this orbit space [Mai] viewed as a product, right by left, of 
semicircles. Now, this rank r%2^ pN m ^ is precisely given by 

detp A(p ^ m 2) = \ + (p 2 N ,m 2 p ) . \^{p 2 N ,m 2 p ) 
= Pn 

according to proposition 2.15. 
So, #E(F p) could be given by: 

#E(F p ) = (| det Px( P %, nm ^)\)^ ■ 

4. But, the orbit space of these toric curves Ef(pN,m p ) must be centered at the origin 
in order to have an isogeny [Kna]. 
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Then, we have that: 

#L(F P ) = (j detp A(p 2 r m 2 ) - trace p A(p 2 r m 2 ) + 1|) 2 
= {\p 2 N -(l + m 2 p +p 2 N ) + l\y =m p 

where: 

• trace p A ( p 2 riTra 2) = 1 + m 2 +p 2 N , according to proposition 2.15, contributes to the 
above mentioned isogeny; 

• the term " +1 " comes from the point at infinity. ■ 

3.1.5 Modular representation of the elliptic curve E(Q ) 

The problem which arises now is to precise the set {E(¥ p )} p of elliptic curves E(¥ p ) over 
F p ( p varying) which are locally equivalent to our elliptic curve E(Q ) to which a modular 
representation must correspond. So, we have to introduce the Hecke L-series of the elliptic 
curve L(Q) and, more generally, the Hecke L-series associated to the cusp forms 
and f R (z) . 

3.1.6 Definition: Hecke L-series 

Let \+(q%, m 2 N ) and \-(q%, m 2 N ) be the eigenvalues of the Hecke operators U qR ®U qL (q \ N) 
and T qR ® T qL (q \ N) (see section 2.3). 
We can then define the Hecke L-series: 

L i? (s_) = E \ T (n 2 N ,m 2 N )n~ s - , s_ G C with {Ims. < 0} , 

n 

in the lower half plane, and 

L L (s+) = E X T (n 2 N ,m 2 N )n~ s + , s+ e C with {Ims + > 0} 

in the upper half plane, with respect to 

2 2 _ (1 + m 2 N + n|) =F [(1 + + n^) 2 - An 2 N ]l 
A T {n N ,m N ) — 

(see section 2.13 and proposition 2.15), and associated respectively with a pseudo-ramified 
right (resp. left) cusp form 

f R (z) = i:X T (n 2 N ,m 2 N )e 2mnz (resp. f L (z) = E X T (n 2 N , m 2 N ) e~ 2mnz ); zeC. 
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3.1.7 Proposition 

Let Lr(s-) and Ll(s + ) be the Hecke L-series defined respectively in the lower and in 
the upper half plane. The L^ L (Re(s)) Hecke L-series can be defined from their product 
(degenerate case): 

Ljf L (Re(s)) = L R (s^) ■ L L (s + ) = £ X 2 ± (n 2 N , m 2 N )n~ 2x , x e Re(s±) 

n 

which corresponds to the classical Eulerian development [La] : 

L d nh(Ms)) = H (1 - XUqDq-'T 1 H (1 - A 2 ^) eC?) 2 ? 2 *" 2 *- 2 )- 1 

where 

• e(g) : (Z / NZ)* — > C * £/ie Dirichlet character 

• A^(4) = EA 2 T (4,m^) . 



Proof. 

a) As the Hecke L-series L^_^(Re(s)) is defined on a space of semisimple type, the 
off-diagonal terms of the product of L#(s_) by Ll(s+) must be zero. 

b) Taking into account that the X-(q%, m 2 N ) are eigenvalues of [D^.^^-a^ (see section 
2.13) and considering the statement of proposition 2.15, it is clear that L R °^ L (Re(s)) 
is also an Artin L-function. ■ 



3.1.8 Corollary 

The Hecke L-series Lr^l(s) = L#(s_) ■ Ll(s + ) have also the following Eulerian develop- 
ment (nondegenerate case): 

L R _ L {s) = n (1 - Kiq^q- 3 -)- 1 II (1 - A T (^) e{q)q k - s - 1 )- 1 

q\N q\N 

■ n (i - xMq'^r 1 n (i - \ T (ql) e(q)q k - s+ - 1 r 1 . 

q\N q\N 
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3.1.9 Hecke L-series of the elliptic curve E(Q) 

Considering the canonical diagonal injective mapping of Q into the adele ring A , which 
can be seen from the discrete topology from A into Q , [Rob], we can admit that the 
injection 

E Q ^ U : E(Q) — > E(U¥ q ) , 

q q 

where IT is taken over all primes q , allows to transfer the study of E(Q ) onto a subset of 
E(U¥ 9 q ) . 



But, if we realize that the kernel Ker(i?Q 1 _ >n ) of the map -EqLii refers precisely to these 
primes " pj_ " which do not enter in the generation of the elliptic curve E(Q ) , then the 
Hecke L-series L R ^ L (s T ) can be partitioned into two complementary subseries following: 

L R:L (s T ) = L R , L (s T , E(Q )) + L R:L (s T , E(U F P J) 

p± 

where 



• L R ^(s T , E(Q )) is the L-subseries of the elliptic curve E(Q ) such that their Euler 
factors refer to the set of primes {p} complementary to the set of primes p± : 

L R>L (s T ,E(Q)) = Z \ T (n 2 gN ,m 2 N )n- s * , n g < n . 

Tig 



• L r ^l(s t , E(HF p± )) is the "virtual" subseries of L r< l(s t ) with regard to 
Lr,l(s t , E(Q)) ; 



• L R , L (s T ,E(Tl(W p J)) = E X T ((n N -n 9N ) 2 ,m 2 N ) (n - n g )~ s * , (n N - n 9N ) G W, 

P± n~n g 

riN = n • N , n > n g ; 



• M = {p L } U {p} . 
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3.1.10 Proposition (Hyperbolic uniformization of arithmetic type) 

Let 

L R {s_,E{Q))® D L L (s +: E(Q)) 

= E(X-(n 2 9N ,m 2 ng ) n- s - ® D X + (n 2 gN ,m 2 ng ) n~ s+ ) 

n g 

= n (1 - A T (^,mJ) p-*-)- 1 n (1 - A T (^,mJ) e (p) p*-- 1 )" 1 

p|JV p\N 

n (1 - A T (^,mJ) P-+)" 1 n (1 - A T (^,mJ) e (p) p*—" 1 )" 1 

p|7V pf^V 

&e i/ie restricted product of L-subseries attached to the elliptic curve E(Q) and correspond- 
ing to the restricted cuspidal biform of weight two and level N : 

/flares ®D h(z) res 

= £ (A_«, ml g ) e- 2 ***' ® D A + (n; w , O e 2 "***) , zeC, 
covered by the restricted global elliptic bisemimodule: 

res 

T/jen, £/ie modular representation of the elliptic curve E(Q) over Q mZ/ fre worked out 
from the " p " sets of surjective mappings: 

{E f (p N ,m p ) R ® E f (p N ,m p ) L } mp — > E(¥ p ) , 

for all prime p entering into the restricted eulerian product of Lr(s_, E(Q)) ®£> 
L L (s + , E(Q)) , in such a way that the orbit spaces of {Ef{p N) m p )R® Ef(p N ,m p ) L } mp are 
associated in the sense of proposition 3.1.4, with the elliptic curves E(¥ p ) , for the above 
mentioned p primes, having good reduction and conductor N . This modular representation 
of the elliptic curve E(Q) corresponds to its hyperbolic uniformization of arithmetic type 
[Mai], and, thus to the Shimura-Taniyama-Weil conjecture. 

3.1.11 Connection with Diophantine equations 

As it is well known, the Shimura-Taniyama-Weil conjecture is related to the problem 
of Diophantine equations especially by means of the Mordell-Weil group of the elliptic 
curve E(Q) . Indeed, Mordell proved that E(Q) is a finitely generated abelian group, 
the generators of E(Q) being the rational points on the curve or the rational solutions 
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of the equation [Gou]. So, in the context developed here, the generators of E(Q) are 
precisely the p sets of m v points associated with the p surjective mappings {Ef(pm, m p )R® 
Ef(p N ,m p ) L } — > E(F p) introduced in proposition 3.1.4. 

3.2 The Riemann conjecture 

3.2.1 The trivial zeros and the zeta functions 

The "(pseudo-)unramified" Hecke L-series (with N — 1 ), correspond to the classical L- 
series: they are in one-to-one correspondence with the classical zeta function ((s) , are 
denoted L R r L (s T ) and given by: 

^( S _)=£A!> 2 ,m 2 ) n~ s - , 

n 
n 

where A" r (n 2 ,m 2 ) is introduced in corollary 2.1.6. 

The Hamburger theorem [Chan] tells us that L^ r L (s T ) = cliCr,l{st) where a x e C and 
where Cr,l( s t) = £n~ s=F is the classical zeta function associated with the right or the left 

n 

case. 

As it is done classically [Ing], let us introduce the right (resp. left) functions: 

UlM = (s T - i)rr^r(± ST + i)Cr,lM 

= h R , L (s T )( R , L (s T ) 

which satisfies the functional equation £#,£,(1 — s T ) = Cr,l(s^) ■ 

The poles of h RtL (s T ) , i.e. of the gamma function r(|s T + 1) , are simple ones at 
s T = —2, —4, —6, • • • , —In . Since these are points at which £r 5 l(s t ) is regular and not 
zero, they must be simple zeros of Cr,l(s t ) [Tit]. 

The trivial zeros s T = —2, —4, • • • , — 2n of Cr,l( s =f) be interpreted in the present 
context as being equal at a sign to 2f Vn (resp. 2f Vn ) where f Vn is the global class residue 
degree of the t> n -th real place. The factor 2 proceeds from the fact that the left (resp. 
right) places are defined in the upper (resp. lower) half space on which are defined curves 
isomorphic to lD-semitori: thus, these lD-semitori must be doubled leading to analytic 
continuation to the whole s-plane and their global class residue degrees must also be 
multiplied by two. 

More concretely, the trivial zeros of Cr,l( s t) can ^ e interpreted as follows. 
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As the (pseudo-)unramified cuspidal biform f^ r {z) (S>d ]™\ 2 ) * s m one-to-one corre- 
spondence with the product, right by left, Cr( s -) ®d Cl(s+) = Y,n~ 2x , x e Re(s T ) , of 

n 

classical zeta functions, generating a zeta function Y,n~ 2x over R , it appears that the 

n 

supercuspidal representation of the cuspidal biform f^ r (z) ®£> fl r (z) may degenerate into 
the pseudo-unramified simple real global elliptic bisemimodule: 

4>r'\s r ) ® d <j> n L r '°(s L ) = £(A"V) e- 2mnx ®d \ nr (n 2 ) e 2mnx ) , 

n 

the (pseudo-)unramification leading to consider the value N = 1 for the conductor and 
the "simplicity" consisting in considering the irreducible curves n^n) and ir R (n) of global 
class n having multiplicity one (see sections 2.20 and 2.22): so m^(n) = mx,(n) = 1 . 

This global elliptic bisemimodule 0^ r '°(s^)®£>0£ r ' o (s£) can be interpreted geometrically 
as the direct sum of products of irreducible (pseudo-)unramified semitoric curves corre- 
sponding to each other by pairs of same level n and constituting the automorphic represen- 
tation space of the pseudo-unramified algebraic bilinear semigroup GL 2 (i^' T ' nr x F+ ,T,nr ) 
and the orbit space of f^ r {z) ®d fE r ( z ) ■ 

The interpretation of the trivial zeros of Cr,l( s =f) can De given by means of the homo- 
morphism H ( p RxL ^ RxL introduced in the following proposition. 

3.2.2 Proposition 

The one-to-one correspondence between the double pseudo-unramified simple global ellip- 
tic bisemimodule 2<p R r ' (sFi) ®d 2<P™'°(sl) and the product, right by left, of zeta functions 
Cr{s-) <S>d Cl(s+) is given by the homomophism: 

= ®d 2C°(*l) = £(2A™V)e-" ®n 2X"\n 2 )e 2 - x 

n 

— ► Cr(s-) ®d Cl(s+) = S(n- S - ® D n- s +) 

n 

such that the kernel Ker(H^, RxL ^ RxL ) of H l p RxL ^ RxL maps into the set of products, right 
by left, of the trivial zeros of (r(s-) and of (l(s+) ■ 

Proof. Indeed, the kernel Ker(iJ ( ^ i{xi -_^^ i{xJ - ) is given by the set of bipoints: 

{a nR x a nL = 4(A nr ) V) = 2\ nr (n 2 )(e~ 2mnx | x = 0) x 2X nr (n 2 )(e 2mnx \ x = 0))}~ x 

localized on the real axis a in such a way that: 

• the left (resp. right) point a nL = 2\ nr (n 2 )(e 27rinx \ x = 0) (resp. a nR = 
2X nr (n 2 )(e~ 2mnx | x — 0) ) corresponds to the degeneracy of the irreducible (toric) 
curve 2A nr (n 2 )e 2 ™ ra (resp. 2\ nr (n 2 )e~ 2winx ); 
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• the bipoint a nR x a nL is defined as the product of the right point o riR by its left 
equivalent a nL , and is equal to a nR x a riL = 4(A" r ) 2 (n 2 ) = 4/ 2 n = 4 n 2 . 



So, as the kernel Ker (if < £ i{xi _ i .£ Hxi ) of H ( / )RxL ^ RxL is the set of bipoints {cr nR x a nL = 
4 n 2 }^ corresponding to the trivial zeros of Cr( s ~) ® Cl( s +) > we can see that the trivial 
zeros of Cr,l( s t) are the integers s T = —2, —4, • • • , — 2n . ■ 

The non-trivial zeros of Cr,l( s =f) can then be generated from the corresponding trivial 
zeros by taking into account the following considerations. 



3.2.3 The non-trivial zeros of the zeta functions 

Let 



^4n 2 0^ 



V° V 

be the split Cartan subgroup element associated with the quadratic place v\ n = v 2n x v 2r , 



Let 



D 



4n 2 :i 2 



(l 


A 

I 




1 — 1 


°) 


v° 


V 




V 


V 



be the coset representative of the Lie algebra of the decomposition group acting on a 4n 2 : 
it corresponds to the coset representative of an unipotent Lie algebra mapping in the 
topological Lie algebra Q£ 2 (F+' T ' nr x F+' T ' nr ) . Let A" r (4n 2 ,i 2 ) and A" r (4n 2 ,i 2 ) be the 
eigenvalues of (.D 4n 2j2 • a 4n 2) interpreted as weights in section 2.16. 



E 4n 2 



The Lie algebra (Q£ 2 (F^' T,nr x F+' T,nr ) consists in vector fields on the Lie group 
GL 2 (F+' T > nr x F+> T ' nr ) . Let 

I 

£ 4n 2 = 

V \ 

be the infinitesimal generator of this Lie algebra Q£ 2 {F^' T,nr x F+' T ' nr ) corresponding to 
the quadratic place v 2n . 

Every root of this Lie algebra Qi 2 (F 1 }~' T,nr x F+ ,T ' nr ) is determined by the (equivalent) 
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eigenvalues A^. r (4n 2 , i 2 , E 4n 2) of 

D4n 2 ,i 2 ■ ^4n 2 " «4n 2 = 

They are given by: 



A A A o\ 



£ , 4n 2 
1 



/ 



A^(4n 2 ,^ 2 ,E 4n2 ) 



v v 

1 ± iy/Wri 2 ■ E An 2 - 1 



An 2 
1 



The fact that the representation of the Lie algebra Q£2{F^' T ' nr x F+ ,T ' nr ) is composed of a 
tower of sections of a vertical tangent bundle explains why the coset representative D in 2^2 
has been chosen with b = i = >/— T • 

D 4n 2 j2 • £ 4n 2 is in fact a coset representative of the Lie algebra of the decomposition group 
Di2{Z)\ An 2 noted Lie(A 2 (Z)| 4 n 2 ) • 

Then, we have the following proposition. 
3.2.4 Proposition 

Let D in 2 ti 2 ■ £ in 2 be a coset representative of the Lie algebra of the decomposition group 

4„2 and let a 4n 2 be the corresponding split Cartan subgroup element. 
Then, the products of the pairs of the trivial zeros of the Riemann zeta functions 
and Cl( s +) are mapped into the products of the corresponding pairs of the non-trivial zeros 
as follows: 



D^n 2 ,! 2 ■ ^4n 2 '■ det(a 4n 2) — > det(D 4n 2 5 j 2 • £ An 2 • a An 2) S s 

{(-2n) • (-2n)} — {A^(4n 2 , * 2 , £ 4 „ 2 ) • \ n _ r (An 2 , t 2 , E 4n2 )} , 

where ( )$s denotes the semisimple form of ■ £ 4n 2 • «4« 2 ■ 



VneN, 



Proof. The squares of the trivial zeros (— In) 2 can be interpreted as the squares of the 
global class residue degrees. 

As -D 4n 2 j2 • £ 4n 2 is of Galois type, it maps squares of trivial zeros (— 2n) 2 into products of 
corresponding pairs of other zeros A" r (4n 2 , i 2 , E 4n 2) ■ A" r (4n 2 , i 2 , E 4n 2) which are non-trivial 
zeros since A± r (4n 2 , i 2 , E 4n 2) have real parts localized on the line a — \ . E 4n 2 ~ % io\ n is 
the square of the energy of a subtorus of rank one in a maximal pseudo-unramified torus 
of global level 2n where uom is the angular frequency of the subtorus. 

Remark that the correspondence between Riemann non-trivial zeros and eigenvalues of 
Hamiltonians has been postulated for a long time (see for example [B-K], [K-S]). 
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3.2.5 Cuspidal new forms 

The non-trivial zeros {A" r (4n 2 , i 2 , E An 2)} n= i and {A™"(4n 2 , i 2 , E An 2)} n=1 of (r(s-) an d (r( s +) 
allow to consider the following double (pseudo-)unramified simple global elliptic bisemi- 
module 

<Pr'\s r ) ® <f L r '\s L ) = £(A!T (4n 2 , i 2 , E 4n2 ) e~ 2mnx ® D A^(4n 2 , i 2 , E in .) e 2mnx ) 

n 

constituting, as orbit space, the (pseudo-)unramified supercuspidal representation of the 
(pseudo-)unramified cuspidal biform f R r,nev, (z) <S>d f2 r,nCW ( z ) which is a cuspidal "new" 
biform. Indeed, the new forms /^ r,ncw (<2) and /^ r ' new (-2) are defined in the orthogonal 
complement space with respect to the old forms f^ r (z) and f2 r (z) considered above 
since /jj r ' new (-2) ®d /"'"(z) constitutes a supercuspidal representation of the Lie alge- 
bra g£ 2 (F+> T ' nr x F+> T ' nr ) . 

3.2.6 Corollary 

The eigenvalues A" r (4n 2 , i 2 , E An 2) and A™ r (4n 2 , i 2 , E An 2) for all n G N are non-trivial zeros 
of the Riemann zeta function £(s) = E n~ s . 

n 

Proof. The set {— 2n} , being trivial zeros of the Riemann zeta functions (r(s-) and 
Cl(s+) , is also a set of trivial zeros of the classical Riemann function ((s) = Y,n~ s . 

n 

So, the eigenvalues A™ r (4n 2 , i 2 , E An 2) and A" r (4n 2 , i 2 , E^-i) , which are localized on the line 
(j=| and disposed symmetrically on this line with respect to r = if s = a + ir , 
constitute non-trivial zeros of the function £(s) . ■ 

3.3 The Birch and Swinnerton-Dyer conjecture 

The conjecture of Birch and Swinnerton-Dyer is closely related and dependent to the 
conjectures of Shimura-Taniyama-Weil and Riemann. So, we refer to the two first sections 
of this chapter for the mathematical tools developed there and needed here. 

3.3.1. The basic Birch and Swinnerton-Dyer conjecture for an elliptic curve over 
Q asserts that the rank of E(Q ) is the order of vanishing of its L-function L(s, E) at the 
point s = 1 [B-S-D], [Hus], [Rub]. 

So, we have to study the non-trivial zeros of the L-subseries L^ L (s T , E(Q )) , i.e. all 
the zeros of L R r L (s^, E(Q)) lying on Re(s T ) = 1 . 
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3.3.2 The trivial zeros of the restricted zeta functions 

In contrast with the Riemann conjecture, the pseudo-unramified L-subseries L R r L (s^, E(Q )) 
are assumed to be restricted in the sense that L^ r (s_, E(Q )) ® D U£(s + , E(Q )) 
= S A" r (n 2 , [m 2 ]) 2 n~ 2x , n g < n , x <E Re(s T ) , defined over R , is in one-to-one cor- 

n g 

respondence with the representation of the restricted cuspidal biform f^ r (z) rcs ^) D f2 r (z) TCS 
degenerating into the restricted simple global elliptic bisemimodule: 

4% fi (8 R )„ ®d <PT°(s L ) res = £(A"> 2 ) e' 2 ^ x ® D A"> 2 ) e 2 ^ x ) . 

n a 

This global elliptic bisemimodule can be interpreted geometrically as the direct sum 
of products of irreducible pseudo-unramified semitoric curves corresponding to each other 
by pairs of same class n g and constituting the automorphic representation space of the 
(pseudo-)unramified algebraic bilinear semigroup GL 2 (F+' T ' rar x E+> T > nr ) and the orbit 
space of fR r {z) TCS ® D fl r {z) Tes . 

3.3.3 Proposition 

The one-to-one correspondence between the double restricted simple global elliptic bisemi- 
module 20^ r '°(sj?) rcs <S>d 202 r '°( s i)rcs and the product, right by left, of restricted zeta func- 
tions Cr s ( s ~) ®d C£ cs ( s +) i s 9i ven by the homomorphism: 

C (SXI : 24% fi (8 R U ®d 2<f>Y% L ) ies = £(2A"> 2 ) e~ 2mn ° x ® D 2A^(n 2 ) e 2 ™^) 

n g 

— > (T(s-) ®d Cr(s+) = S n- s - ® D n- s +) = £ n 2x 

n g n g 

such that its kernel Ke^H^ ^ ) maps into the set of products, right by left, of trivial 
zeros of(ft S (s_) and of( r £ s (s + ) . 

Proof. This is an adaptation of proposition 3.2.2 to the restricted case. Thus, the kernel 
Ker(H^ xL ^ RxL ) is the set of bipoints: 

W ngR x a ngL = 4(A"> 2 )) 2 = 2A OT (n 2 )(e" 2 ™^ | x = 0) x 2A"> 2 )(e 2 ™^ | x = 0)} 

localized on the real axis a in such a way that the left (resp. right) point a UgL (resp. a ngR ) 
corresponds to the degeneracy of the irreducible semitoric curve 2A nr (n 2 ) e 2nm£lX ) (resp. 
2A nr (n 2 ) e - 2nin v x ). 

Remark that {o~ ngR x cr ngL = 4(A nr (n 2 )) 2 = 4n 2 } ns is the set of trivial zeros of Cr s ( s -) ®d 

Ci es M ■ 
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3.3.4 The non-trivial zeros of the restricted zeta functions 

As in section 3.2.3, let a 4n 2 = ^ 4 ™» ° j be the split Cartan subgroup element corresponding 
to the restricted quadratic place v\ ng . 

Let -D 4n 2 ;i 2 = (J 1) (I i) be the coset representative of the Lie algebra of the decom- 
position group acting on o 4ra 2 . 

The infinitesimal generator of the Lie algebra Qi2(F^ T,nr x F+ ,T ' nr ) at the quadratic 
place v\ n of the Lie group GL 2 (F^' T ' nr x F+' T < nr ) is given by 



^ E An 2 0^ 



V 



o 



V 



The roots of d^(F^' T ' nr x F+> T ' nr ) are determined by the eigenvalues \±{±n 2 i 2 , E 4n2 ) of: 



U A d o^ 

1 



V u ry 



y ly 



1 



An 2 g 



\ 



V 



7 



v° 2 / 



where the matrix = ( J ° ) maps the non-trivial zeros from Re(s+) = <7 = |to<7 = l, 

as it is envisaged in the Birch-Swinnerton-Dyer conjecture. (This map may be of Galois 
type.) They are given by: 



Xl r (4n 2 g , i 2 , £ 4 „2) = 1 ± iyferfEU^ - 1 . 



1 ± 



3.3.5 Proposition 

The roots of Qi 2 (F^ g T,nr x F+> T ' nr ) given by the eigenvalues \± (4n 2 , i 2 , E 4n 2 g ) 

i ^jSn 2 g E in 2 — 1 of -D 4 „2 ;i 2 • 5 4ri 2 • a 4n 2 • are the non-trivial zeros of the restricted 
Riemann zeta functions Cl? s ( s — ) an d C£ es ( s +) ■ 



Proof. Referring to proposition 3.2.4, we see that the products of the pairs of trivial 
zeros of the restricted Riemann zeta functions Cj^ s (s_) an d CF S ( S +) are mapped into the 
products of the corresponding pairs of the non-trivial zeros according to: 



F>±nl ■ £at£ '■ det(a 4 „2) — > det(£> 4n 2 • e An 2 • o 4n 2 • Mi 



9 ^"9 —g 2 

{(-2n g )(-2n g )} — > {\?(4n 2 g ,i 2 , E 4n2g ) • \™(4n 2 g ,i 2 , E in2 )} 
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Since D 4n 2 ■ e 4ra 2 is of Galois type, it maps squares of trivial zeros (—2n g ) 2 into products of 
corresponding pairs of other zeros A™ r (4n^, i 2 , E in 2) ■ X nr (4n 2 , i 2 , E^) which are non-trivial 
since their real parts are localized on the real line a — 1 . 

Note that: E 4n 2 N 2 = E in 2-N 2 ~ Aj- oj\ ngN is the square of the energy of a quantum (defined 
in section 2.7 as a P2(-^ 1 ])-subsemimodule of rank N ) in a maximal (pseudo-) ramified 
torus of class 2n g where 0J2n g N is the angular frequency of this quantum. 
Remark that E^ ng ^2 N 2 > E 4n 2 N 2 , which means that the energy of a quantum varies 
with respect to the (global) level in the sense that when the global level n g increases, 
the quantum angular frequency cu tends to decrease (for new arithmetic and algebraic 
developments of the quanta, see [Piel]). ■ 

In the context of the developments of this work, the Birch-Swinnerton-Dyer conjecture 
can be approached by the following statement: 

3.3.6 Proposition 

Let Lr^l(s t , E(Q )) C Lr^l(s t ) be the L-subseries attached to an elliptic curve over 
Q . Then, the rank of E(Q) is the order of vanishing of L R r L (s T , E(Q )) at s = 1 if 
L R r L (s^:, E(Q )) is holomorphic at s = 1 . 

Proof: 

1. Assume that there is a finite set of P primes p for which the mapping E(Q ) — > 

E(U¥ p) is a bijection. Then, to the P Euler factors of L R r L (s T ) correspond the 

v 

L-subseries 

I%l(s?, E(Q )) = E X n T r (n 2 g , m 2 ng ) nj'* with N g integers " n g " , 

n g 

in such a way that N g corresponds to the number of restricted places of the real 
semifield F RL : the are noted v g = {■■■ ,v Ug , ■ ■ ■ ,v Ng } (resp. v g = {■ ■ ■ ,v ng , ■ ■ ■ , 

VN g } )• 

2. To L R r L (s T , E(Q )) corresponds a restricted simple global elliptic Aj ?9iLg -subsemi- 
module <J) R r '® (s^L) res which is in one-to-one correspondence with the representation 
space Rep sp^^i 7 ^' 7 ^™")) (resp. Rep sp(T2(F+' T,rar )) ) of the algebraic semigroup 
Tm + fn (resp. T 2 (F+/' nr ) ) C GU{F+f' nr x F+> T > nr ) . At every place v ng (resp. 
v Ug ) associated with the integer n g , there is a one-dimensional irreducible curve 
Ef{n>g)R,L , isomorphic to a one-dimensional semitorus T RL [n g ] of class n g according 
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to section 3.1. And, thus, at the N g places, we have the set {Ef(n g )} ng of N g 
irreducible curves of class n g . 

3. Then, a natural surjection exists 

S Ef ^E(Q) : {£/K)} n „ — £(Q) 

which identifies the elliptic curve E(Q) with the orbit space of {Ef(n g )} n under 
the action of the semigroup T 2 *(F+' T,nr ) (resp. T 2 (F+f> nr ) ) such that E(Q) has N g 
generating points. 

Then, the rank of E{Q) is r(E(Q)) = N g . 

4. Referring to the paper of N. Katz [Kat], the L-series L R:L (s T ) are holomorphic at 
the point s = 1 as a consequence of a functional equation under s — > 2 — s . And, 
thus, if the L-series L^ r L (s T , L(Q )) are also holomorphic at s = 1 , we can speak of 
the order of vanishing of L 1 }[ L (s T , E(Q )) at s = 1 . 

5. Taking into account the proposition 3.3.5 and section 3.3.2, it appears that the 
pairs of non-trivial zeros of L"^ L (s T , E(Q )) lie on Re(s) = 1 and are in one-to-one 
correspondence with the trivial zeros. And, thus, to each integer n g of L^ L (s T , E(Q )) 
corresponds a trivial zero and a pair of non-trivial zeros. 

6. As there are N g non-trivial zeros of L^ L (s T , E(Q )) , the order of vanishing of 
L^ r L (s T , E(Q )) at s = 1 is N g . Now, N g is also the rank of the elliptic curve 
E(Q) according to 3. 

3.3.7 Connecting the Birch-Swinnerton-Dyer conjecture to the Shimura- 
Taniyama-Weil conjecture 

The conjecture of Shimura-Taniyama-Weil, dealing with the connection of the zeros of 
the L-series L^ L (s T , E(Q )) with the rank of the elliptic curve E(Q) , seems to take into 
account only the restricted cuspidal biform f^ r (z) rcs ®£> f'2 r (z) res degenerating into the 
restricted simple global elliptic bisemimodule 0^ r '°(s^) rcs ®£> 0£ r ( s i)rcs (see section 3.3.2) 
in such a way that only one pair of semicircles T^[n g ] and Tj\n g } arises at each class n g 
according to proposition 3.3.6. 

The general case would refer to the Shimura-Taniyama-Weil conjecture in such a way 
that the restricted (pseudo-)unramified cuspidal biform of weight two and level 1 ( N — 1 ) 

f?{zU ®d f?{zU = E (\™(n 2 g , ml g ) e" 2 ™^ ® D A^(n 2 , m 2 ng ) e 2 ™* 2 ) , z e C , 

Tin \ ' 
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be covered by the restricted pseudo-unramified global elliptic bisemimodule: 

0£ r Mrcs®D0r(^)rcs = £ £ (a^, m 2 ng ) e' 2 ™** ® D X^(n 2 g , m 2 ng ) e 2 ™**) , x6l 

n g m ng \ / 

(see proposition 3.1.10), in such a way that the modular representation of the elliptic curve 
E(Q) be given by n g sets of m rig products, right by left, of semicircles T^[n g ,m ng ] and 
Tl[n g ,m ng ] . Then, the rank r E (Q) of E(Q) would be given by 

Te(Q) = ®m ng m rig > 1 . 

n g 
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